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Chapt er 1
Introduction
This chapter provides an introduction into the exciting field of the physics of
biopolymer networks. These networks are ubiquitous in biomaterials, on the level
of structures inside single cells as well as in extracellular structures. Scientists
have only started to reveal the wide range of functions of these networks, among
which are the stability, elasticity and force transduction of cells and extracellular
structures. One specific area of interest in this field is the relation between forces
and deformation of these networks. With the advance of experimental techniques,
the level of detail of microscopic data is increasing rapidly. As a result, the mod-
els evolve from coarse-grained constitutive relations to descriptions that relate the
microstructure of these networks to the observed dependencies of forces on de-
formations. We start this chapter with a description of biopolymers and biopoly-
mer structures in cells and in extracellular materials, and give a short overview of
experiments performed on biopolymer structures. We continue with introducing
the measure for stiVness commonly used to describe the behavior of biopolymer
structures under deformation. An important aspect of this behavior is the struc-
tural rearrangement during deformation, characterized by the non-aYnity, and the
single-polymer behavior. Next, somemodels that have been developed to describe
the physics of biopolymer networks are introduced. The model which we present
in chapter 2 and use in chapters 3 and 4 is an elaboration of these models, with a
more detailed microscopic description. We end with providing background infor-
mation on some simulation techniques; this will be helpful to understand the work
described in the remainder of this thesis.
2 Introduction
1.1 Polymer networks in biology
To combine strength with flexibility, nature makes use of biopolymer networks. We
encounter these networks at diVerent levels of organization, such as inside cells, in
between cells, in multicellular structures and in tissues such as skin and blood ves-
sels. What are biopolymers? What kind of structures do they form? And what is the
functional role of these structures in biology? In this section we will address these
questions by giving a short overview of intracellular and extracellular biopolymer
networks and discussing some of the early experiments. But before we focus on the
structures of biopolymers, we first discuss what biopolymers are made of.
1.1.1 Biopolymers
Biopolymers are supramolecular polymers, consisting of macromolecules. Three dif-
ferent types of macromolecules formed by the cell are polynucleotides, polysaccha-
rides and polypeptides. DNA andRNA are polynucleotides, that both carry the genetic
information. Polysaccharides are mostly used to store energy. In this thesis we fo-
cus on structures made from polypeptides. Polypeptides are also called proteins, and
play an important role in many diVerent functions of cells and tissue. For instance,
they play a key role in the catalysis of chemical reactions, the transport of molecules,
the communication between cells and the determination of the structure of cells and
tissue. One specific way of organization of proteins is the formation of linear struc-
tures. In this thesis, we focus on these long arrays of proteins and call them biopoly-
mers. Biopolymers are essentially long filaments, of which the monomers are pro-
teins. These monomers are bound together by non-covalent interactions such as hy-
drogen bonds or van der Waals forces. These biopolymers are living polymers, which
implies that they are dynamic objects out of equilibrium, that continuously change
shape. Under the influence of specific proteins and nucleotides that carry energy,
they grow, shrink, depolymerize and form higher-order structures such as networks
and bundles. The time scales of these processes have a large spread, depending on
polymer type, tissue/cell type and environment. For example, actin monomers in
cells can polymerize into networks in a couple of seconds to minutes, when they are
placed in appropriate conditions [1]. In steady state, the monomer addition rates for
actin filaments in cells are estimated to be 3 to 60 s¡1 [1–3].
1.1.2 Biopolymer structures in cells
All living organisms consist of cells. A commonly made division is that of prokaryotic
cells, which are the cells of single-cell organisms like bacteria, and eukaryotic cells, of
which plants, fungi, animals and humans aremade. All eukaryotic cells possess some
generic features. They have a plasma membrane which separates the inside from
the outside of the cell and which permits small molecules to permeate through the
cell boundary. The cells possess organelles, which are small compartments in cells
which are separated from the rest of the cell by a thin membrane. The cell nucleus,
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Figure 1.1: Schematic overview of building blocks of structures in biology. Biopoly-
mers are colored blue, the biopolymer network structures are colored red.
containing the DNA, is one of the most well-known organelles. The interior of the
cell that is not incorporated by organelles is the cytosol, an ionic liquid that contains
a vast range of proteins. An important component of the cytosol is the cytoskeleton,
a dynamical fibrous network consisting of diVerent proteins. Figure 1.1 summarizes
the information given in this and the following section.
The cytoskeleton has many functions. It makes cells physically robust, such that
they can withstand forces. It supports the thin plasma membrane, which would be
extremely floppywithout the cytoskeleton. The cytoskeleton is important in the over-
all organization of the cells, such as the positioning of the cell nucleus and other or-
ganelles. The cytoskeleton can alter its shape, by which it allows the cells to change
shape. Besides, it allows the cell to mechanically interact with the cell environment
andmove around.
The three main components of the cytoskeleton are microtubuli, intermediate
filaments and actin filaments. All three of these are fibrous structures that are built by
the linkage of small proteins into a larger structure. These fibers are highly dynamic
structures that grow and shrink continuously. The intermediate filaments are mainly
involved in giving mechanical strength to the cell. Themicrotubuli are important for
intracellular transport, driven bymotors walking along the fibers. By pushing against
the plasma membrane, the network of microtubuli helps to position the cell nucleus
andother structures. Actin filaments are important for the determination of the shape
of the cell and are mostly found close to the plasma membrane. These filaments are
necessary for whole cell locomotion, a process in which the cytoskeleton assembles
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Figure 1.2: Cell in which the cytoskeleton is stained with yellow (microtubuli) and
blue (microfilaments or actin filaments). The cell nucleus is stained azure. Picture
taken from http://www.microscopyu.com/smallworld/gallery/index.html
on one end and disassembles on the other end, such that the cell as a whole moves.
Figure 1.2 shows an image of a eukaryotic cell in which the microtubuli and actin
filaments can be distinguished.
Besides these three main components of the cytoskeleton, many accessory pro-
teins are known that fulfill various functions in these networks, such as linking diVer-
ent filaments together, cutting filaments, connecting filaments to the plasma mem-
brane and transporting filaments. One class of accessory proteins are for instance the
actin binding proteins, that connect diVerent actin filaments. Depending on the pre-
cise morphology of these proteins, the resulting structures of filaments can be either
bundled, web-like or branched-like [4,5].
1.1.3 Extracellular structures
Eukaryotic organisms are more than just a clump of cells; they possess structures at
scales much larger than that of single cells. An important and widespread example of
such large-scale structures is the connective tissue. In this structure the relatively soft
cells are embedded in an extracellular matrix (ECM), consisting of diVerent types of
biopolymers such as the stiV collagen, much softer elastin and proteoglycans. These
biopolymers form a viscoelastic structure that can have a wide range of properties
and that determines the stiVness of the connective tissue. Bone, retina and tendon
are some examples of cells embedded in an ECM in which the resulting multicellular
structure has varying optical, mechanical and elastic properties. In these structures,
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Figure 1.3: Areolar connective tissue consisting of loosely organized fibers,
mostly collagen en elastin (light-colored large structures), blood vessels (dark-
colored thin structures) and some cells (small dots). Figure taken from
http://www.carlalbert.edu/dwann/
the cells are attached to the ECM and vice versa, such that the cells can pull on the
matrix and on each other via the matrix. This interaction between the ECM and the
individual cells is not only used as a way to transmit mechanical signals, but is also
used by the cell to move in the ECM. The origin of many diseases lies in the organ-
ization of the ECM. One typical example is Marfan Syndrome, a genetic disorder in
the connective tissue which, among other characteristics, makes the tissue softer for
deformation. Figure 1.3 shows an image of connective tissue.
Another way of cellular organization can be found in epithelial tissue. Here, cells
are closely bound together. Integrins bind the cytoskeletons of the adjacent cells in
the tissue. The resulting stiVness of the tissue comes from the cytoskeletons of the
individual cells and the stiVness of the connections between them.
Although the basic functions of these intra- and extracellular structures are
known, many questions are still open. What is the interplay between the diVerent
constituents in these structures? How is the network structure related to the func-
tion of these networks? And how can these structures be controlled, adjusted and re-
formed? Experiments and modeling are necessary to answer these questions. In the
following section we will give a short overview of early andmore recent experimental
techniques used in the study of biopolymer networks, and some of the findings.
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1.1.4 Experiments on biopolymer networks
The field of biopolymer structures started with the study of in vivo biopolymer struc-
tures, such as red blood cells, tendons, skin, muscles and lung tissue [6]. The focus
has been on studying the mechanical properties, inspired by the mechanical func-
tion these structures have in living tissues and cells. Small parts of tissue are taken
from organs, and stretched, sheared and compressed to understand their response
to deformation. These tissues show some generic behavior: a nonlinear stress-strain
relationship, hysteresis under cyclic loading and stress relaxation at constant strain.
To understand the eVect of trauma of the dissection, whole-organ experiments are
performed, for example on lungs or arteries. The precise response under deforma-
tion largely depends on the type of tissue. Tendons are rather stiV to deformation
and can withstand stretch up to only 5%, while arteries and veins can be stretched
by about 60%. Most of the tissue-specific behavior can be related to the function of
that specific tissue. One example is the uterine cervix, connected to the womb. Early
experiments on rat tissue showed softening during pregnancy, induced by changes in
ground substance and in water composition of the uterine cervix [6].
Studies of red blood cells are another example of experiments performed in the
1960s and 1970s. With optical microscopic imaging, the shape and size of blood cells
in an isotonic solution can be observed, as well as the circulation of blood cells in
capillary blood vessels. Some basic information on the elastic properties of the cell
membrane is deduced from the amount and precise geometry of the osmotic cell
swelling. Among other experimental techniques used to characterize the red blood
cells ismicroscopic imaging of the recovery of the shape of the cells aftermicropipette
aspiration. These experiments show that cells are viscoelasticmaterials, whichmeans
that the deformation of these materials has both an elastic and a plastic component.
These experiments laid the foundation of the contemporary experiments on
biopolymer structures. Recent improvements and refinements of experimental tech-
niques have increased the accuracy, the level of control and the level of detailed in-
formation obtained by experiments. Some examples of these new experimental tech-
niques are bulk rheology, traction force microscopy, microrheology and atomic force
microscopy. In bulk rheology single cells or small pieces of tissue are sheared and
the response under deformation can be accurately measured, see figure 1.4a. In trac-
tion force microscopy tracer beads are placed in a flexible substrate interacting with
cells, see figure 1.4b. The displacements of the beads are imaged and are related to
the forces exerted by the cells. Both microrheology and atomic force microscopy are
used tomeasure the local stiVness.Microrheology (figure 1.4c) allows for the determi-
nation of the local stiVness throughout a sample: micrometer-size beads are placed
inside a sample and their displacements in time or under deformation aremonitored.
Atomic force microscopy allows for a more direct way of measuring the local relation
between stress and deformation, but can only be applied at the surface of samples,
as shown in figure 1.4d. In this type of experiments, small stresses are applied to tis-
sues and cells and the displacement of the microscope’s cantilever is related to the
local stiVness of the cells or tissue. Another important development is the increas-
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Figure 1.4: Illustration of four experimental techniques commonly used to deter-
mine the viscoelasticity of biopolymer networks. (a) Bulk rheology: a small sample
is sheared and the response ismeasured. (b) Traction forcemicroscopy: the displace-
ments of small beads placed in a flexible substrate can be related to the forces exerted
by the cell placed on top of the flexible substrate. (c) Microrheology: small beads are
placed in a cell/gel/substrate and allow for determining the local stiVness and net-
work structure. (d) Atom force microscopy: a cantilever exerts local strains and mea-
sures local stresses and vice versa. Illustrations taken from [7].
ing knowledge of the biochemical properties of the diVerent constituents of biopoly-
mer networks in cells and tissues, that allows for protein-specific staining and dele-
tion. New imaging techniques increase the resolution of the information. Contrary
to early experiments, these experimental developments make it possible to quanti-
tatively unravel the intriguing relationships between the network constituents, the
network structure and topology and the network response under deformation.
The insights gained from these new instruments have been enhanced by studies
of in vitro systems. As stated before, cells contain diVerent types of biopolymers, inte-
grated into network-like structures. More than a hundred diVerent types of proteins
play a role in this structural organization by binding, bundling and cutting these poly-
mers. Because of the enormous complexity of these structures inside cells, it is hard to
link experimental observations to cellular structures and functions. This same prob-
lem holds for extracellular tissue, where many diVerent constituents and patterns
of organization contribute to the overall stiVness of a living material. A more con-
trolled way to gain insight in biopolymer networks is by in vitro experiments. Here,
purified biopolymers are treated and mixed with proteins such that under the right
conditions, such as the appropriate concentrations, temperature and pH-value, the
biopolymers will form bonds with each other and subsequently form connected net-
works. Since the polymer concentration, crosslinking density, types of bonds and av-
erage lengths of the polymers can be controlled by the experimentalist, these type of
8 Introduction
Figure 1.5: Schematic illustration ofG 0 andG 00 as a function of frequency !.
experiments allow for a bottom-up exploration of a large parameter range. Actin fil-
amentous networks are extremely well-studied examples of such in vitro biopolymer
networks.
These new experimental methods call for theoretical modeling beyond the level
of simple constitutive equations. Although the insights from the coarse grainedmod-
eling have beenmany and insightfull, the explanatory power of this type of modeling
is limited. In order to explain the experimental findings and to describe the mechan-
ical behavior of these networks, the single-segment properties of the network con-
stituents and the network structure have to be taken into account, as we will do in
this thesis. In the remainder of this introduction we discuss models of single poly-
mers. We also introduce the concept of non-aYnity to describe how the topology and
single-filament properties decide the network response under deformation. But first
we give some background information on the elastic and viscous modulus in materi-
als, since these are the most commonly used quantitative measures of viscoelasticity
in biopolymer networks.
1.2 Elastic and viscousmodulus
Materials may deform elastically or plastically. The elastic response is reversible: the
material deforms under stress but will return back to its original configuration once
the stress is released. The viscous response is irreversible: the deformation due to
the applied stress remains when the stresses are released. Most biopolymer networks
are visco-elastic materials, and show a combination of both a viscous and an elastic
response under deformation. For isotropicmaterials, the response under small defor-
mation is characterized by two quantities: the material stiVness under compression,
generally known as the bulk modulus B and the stiVness under shear, known as the
shearmodulusG . These twomoduli can be decomposed into an elastic and a viscous
1.2 Elastic and viscousmodulus 9
component.
The visco-elastic properties of biopolymer networks are oftenmeasuredwith a ro-
tating disc rheometer. In this type of measurement, either a sinusoidal shear strain is
applied while measuring the shear stress, or a sinusoidal shear stress is applied while
measuring the shear strain. Since these kinds of deformation are volume-conserving,
the incompressibility of the liquid does not pose problems. In this thesis we mainly
consider the network response under shear deformation, and therefore calculate the
shearmoduluswhile leaving the bulkmodulus out of our discussion. Herewe present
a derivation of the relation between the stress, strain and the viscous and elastic shear
moduli, and discuss some experimental results.
If a sinusoidal strain with frequency ! is applied, the shear can be expressed as
°?(t )Æ °0 exp(i!t ). (1.1)
In linear response theory, the (complex) stress ¾?(t ) can now be related to the shear
°?(t ) by the complex shear modulusG?(!),
¾?(t )ÆG?(!)°?(t ). (1.2)
The resulting stress can be expressed as
¾?(t )Æ¾0 exp(i (!t Å±)), (1.3)
and the complex shear modulus is then given by
G?(!)Æ ¾
?(t )
°?(t )
Æ ¾0
°0
e i± ÆG 0Å iG 00. (1.4)
Here, °0 is the amplitude of the shear strain, ¾0 is the amplitude of the shear stress
and ± is the phase shift that measures how much energy is stored and how much
is dissipated. G 0 is the elastic modulus of the material, also known as the storage
modulus;G 00 is the viscousmodulus, also known as the loss modulus. We can express
G 0 andG 00 as a function of the strain and stress amplitudes and the phase shift,
G 0 Æ ¾0
°0
cos(±)
G 00 Æ ¾0
°0
sin(±). (1.5)
Recent experiments show that whether the cells are malleable or rigid under de-
formation, depends on the rate of deformation [8]. Figure 1.5 shows a schematic of
G 0 and G 00 as a function of !. This figure is based on experimental measurements
of the stiVness of crosslinked f-actin networks at low and high frequencies, such as
those reported in references [9, 10]. The frequency dependence mirrors the relax-
ation times of the modes in the network: at high frequencies, only the fastest modes
in the networks can relax, while with decreasing frequencies more andmore network
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Figure 1.6: Elastic modulus of several types of biopolymer networks as a function of
shear amplitude °. Figure taken from [15].
modes can relax during deformation. At the smallest frequencies, G 0 and G 00 are of
the same order and the networks are highly viscous materials. This is attributed to
crosslinker binding dynamics that remodel the networks [11, 12]. At the highest fre-
quencies, both G 0 and G 00 steeply increase with increasing frequency, approximately
in a power-law fashion. Generally, this is attributed to the single-segment relaxation
of semiflexible polymers that gives rise to a characteristic !3/4 scaling of the stiVness
with frequency [9, 13, 14]. In chapter 5 we will oVer a more elaborate explanation for
the increase of G 0 and G 00 at higher frequencies. As is the case with entangled so-
lutions of biopolymers, in crosslinked networks we can distinguish an intermediate
regimewhereG 0 is almost constant. This regime is generally called the rubber regime.
The stiVness depends on filament concentration, filament stiVness and crosslinker
concentrations. Typically, G 0 in the intermediate regime lies between one and a few
hundred Pa. For crosslinked networks in this regime, G 0 is typically ten times larger
thanG 00, and the elastic response is thus dominant in this regime. For small deforma-
tions, the stress scales linearly with the deformation, thus in this intermediate regime
we can simply describe the elastic response by a single constant G 0, that does not
depend on ° anymore
¾ÆG 0°. (1.6)
Most of the modeling is done in the regime whereG 0ÀG 00.
Experiments show that the cellular response to large deformations is highly non-
linear, such that the stiVness of the cells depends to a large extent on the amplitude
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of the applied stress [16]. Figure 1.6 shows the strain response of diVerent types of
densely crosslinked in vitro biopolymer networks. As shown, densely crosslinked net-
works show an increased stiVness with increasing strain. This property of strain stiV-
ening sets them apart frommany other materials, which often show strain softening:
the restoring force increases less than linearly with applied strain. For living tissues,
this feature is extremely important. It implies that tissues are soft under small defor-
mations but rigid under large stresses, thus preventing large deformations that could
threaten tissue integrity [15].
At these large strains, the network response ceases to be linear and higher-order
terms in the network response should be taken into account. The stress response on
a sinusoidal strain with frequency ! can then be represented as a series containing
multiple harmonics [17]
¾?(t )Æ X
nÆ0
¾n exp(i ((nÅ1)!t Å±n)). (1.7)
Obviously, calculating the elastic modulus from the measured stress or strain re-
sponse according to equation (1.5) is no longer justified. To overcome this prob-
lem, the network response can bemore precisely quantified by the diVerential elastic
modulus, defined as
K Æ @¾
@°
. (1.8)
This quantity can be experimentally obtained by applying a fixed stress, after which
a small oscillatory stress is superposed [18]. In the regime where ¾/ °,G 0 and K are
identical, but for larger strains they deviate from each other.
1.3 Non-aYnity
In experiments, if networks are deformed, one ormore degrees of freedom of the net-
work are constrained: the network is forced to accommodate a specific global shear.
The number of degrees of freedom of a network is however much larger than the
few imposed constraints. The microscopic displacements will then be decided by
the condition of minimal free energy, constrained by the imposed global deforma-
tion. Figure 1.7 shows a schematic example, in which two connected springs with
a finite rest length are placed in a two-dimensional box at zero temperature. Before
shear is applied, the two springs are at their equilibrium length and the energy in the
box is zero. Now a shear is applied along the boundaries of the box. Figures 1.7b
and 1.7c show two possible modes of deformation of the springs. Figure 1.7b shows
the deformation of the system in the case the system deforms aYnely, i.e. all mi-
croscopic degrees of freedom follow the global deformation. In this case, the strings
are stretched and compressed and the energy of the system is non-zero. Figure 1.7c
shows the actual mode of deformation. Here, the system deforms non-aYnely, such
that the springs are neither elongated nor compressed; the energy remains zero at
finite strain. The arrow indicates the diVerence between the aYne and non-aYne
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Figure 1.7: System consisting of two connected springs shown at rest (left panel), un-
der aYne shear deformation (middle panel) and the actual shear deformation with
non-aYne relaxation (right panel).
position of the point of contact of the two springs. The length of this arrow is a mea-
sure for the non-aYnity of the network. Clearly, as long as this is possible, the system
will deform non-aYnely such that the energy remains zero.
A slightlymore involved example of a system that can deformnon-aYnely is given
in figure 1.8. Here, one long rod is connected to the left and right side of the box and
two small rods are connecting the corners of the box to this long rod. If the stretch-
ing stiVness of the rods is small with respect to the bending stiVness, the system will
deform such that the long rod does not bend, giving rise to an aYne deformation,
as shown in figure 1.8b. In the opposite case in which the bending stiVness is much
smaller than the stretching stiVness, the long rodwill bend in such a way that stretch-
ing is avoided, leading to a non-aYne deformation, see figure 1.8c. These two ex-
amples show the intriguing interplay between the network structure and the filament
properties: together, they determine the network response under deformation in a
highly nontrivial manner.
These two examples show the importance of non-aYnity in networks. One should
know the non-aYne motion of single filaments during deformation to understand
and model the actual behavior of these filaments. Non-aYne reorientations can sig-
nificantly alter the network stiVness under deformation. Also, the amount by which
the filaments deform through bending or stretching is strongly related to the amount
of non-aYne behavior under deformation.
Only in the last couple of years, experimentalist have started to develop methods
tomeasure the non-aYnity of the deformation of biopolymer networks [19,20]. They
do so by tracking embedded probe particles during deformation. For this technique,
small fluorescent beads with a size of ¼ 0.5¡ 1 ¹m are embedded in networks. A
microscope is used to visualize the position of these particles in the networks. For the
displacement of the beads to be larger than the resolution of the system, the applied
shears must generally be quite large (°¼ 2¡20%).
DiVerent quantities have been identified to relate the displacements of the em-
bedded beads to a non-aYnity measure. Since non-aYnity can be regarded as ad-
ditional displacement on top of the aYne displacement, perhaps one of the most
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Figure 1.8: System consisting of one long rod connected to the right and left walls
of the box. Two shorter rods connect a corner of the box to this long rod. The sys-
tem is shown at rest (left panel), under shear deformation if the stretching stiVness
of the rods is much smaller than the bending stiVness of the rods (middle panel) and
under shear deformation if the bending stiVness is much smaller than the stretching
stiVness (right panel).
intuitive measures is given by
A Æ 1
N
X
i
j~xi ¡~xi ,aV j2
°2
, (1.9)
where N is the number of particles, ~xi is the actual position of particle i , ~xi ,aV is the
position of particle i if the deformation would have been aYne and ° is the applied
strain. One of the othermeasures proposed in literature considers the angles between
the displacement vectors of neighboring nodes in the system [21,22].
The relation between the network properties and the network non-aYnity is
poorly understood, as is the impact of the non-aYnity on the network stiVness [23–
26]. In this thesis we show that generally, the non-aYnity of a network deformation
depends on three parameters, namely the applied deformation, the filament stiVness
and the network structure. In chapter 2, the key quantity of the applied deformation
that we study is the amount of shear. In chapter 5, we also study the eVect of the fre-
quency of the applied shear. The eVect of frequency enters because the filaments in a
network are embedded in a viscous medium. If a network deforms fast, the filaments
might not have enough time to fully relax. First, however, we turn towards the physics
of single filaments.
1.4 Models of single filaments
As stated above, one key ingredient in the behavior of networks of filaments is the be-
havior of the individual filaments. Biopolymers consist of many monomers that are
bound together and are surrounded by a liquid. Most biopolymers are soft materials
at room temperature, with a typical bending energy scale of kBT . The polymers will
therefore show thermal undulations, due to the random motion of particles in the
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Figure 1.9: Graphical illustration of the freely jointed chain model (left) and the
worm-like chain model (right).
liquid in which the polymers are immersed. Hence the average properties of biopoly-
mers can be calculated with methods from statistical physics, such as the average
length, the force-extension and the radial distribution. In this section, we start with
a description of the freely jointed chain, the simplest polymer model that nicely de-
scribes the eVect of entropy on the properties on the polymer. Next, we turn to the
semiflexible worm-like chain, a model that describes the physics of a broad range of
biopolymers.
1.4.1 Freely jointed chain
One of the simplest polymer models is that of the freely jointed chain. This is a chain
consisting of N rigid links, all having equal length b, which are connected in a head-
to-tail fashion. The vectors~b1, ~b2, ..., ~bN are the end-to-end vectors of these links, see
figure 1.9. In this model the rigid links are often called the monomers of the polymer.
The contour length L is the total length along the filament, here it is equal to Nb. All
links can rotate freely with respect to each other, without energy cost, in the situation
of no applied force. The system is described by the microcanonical ensemble and
all chain configurations are equally likely. If excluded-volume eVects of the chain are
ignored, the chain displays the characteristics of a randomwalk and the average end-
to-end length is given by r Æ bpN .
If an external force ~f is applied on the ends of the chain, the links prefer to be
aligned in the direction parallel to this force. Under ideal behavior, if T Æ 0 or f !1,
the chain takes a straight configuration, inwhich r Æ L. This single straight configura-
tion is however vastly outnumbered by the many bent states. Therefore, at non-zero
temperature and for finite forces, an entropic force prevents the polymer to be per-
fectly straight. In the situation of f Æ 0 or T !1, the chain displays random walk
characteristics again and r Æ bpN .
This phenomenological result can also be deduced from the partition function.
The system can be described by the canonical ensemble and the energy of the chain
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is given by
E
kBT
Æ¡X
i
~f ¢~bi
kBT
, (1.10)
which is minimal when all links are aligned. The partition function can be calculated
by integrating the Boltzmann weight of the energy of a certain configuration, e¡¯E ,
over the space of all possible configurations,
Z Æ
Z
e¯
P
i
~f ¢~bi d3r. (1.11)
Here, ¯Æ 1/(kBT ). The configurational space of each monomer can be described by
a spherewith surface area sinµdµdÁ, which yields the partition function of thewhole
chain as
Z Æ
0@4¼kBT sinh( f bkBT )
f b
1AN . (1.12)
Taking the derivative of the logarithm of the partition function with respect to inverse
temperature ¯ gives the average free energy of the polymer,
hF i Æ @ logZ
@¯
Æ¡N [kBT ¡ f b coth( f b
kBT
)]. (1.13)
Similarly, the average end-to-end length hr i can be related to the derivative of the
logarithm of the partition function with respect to f as
hr i
L
Æ¡ 1
¯
@ logZ
@ f
Æ kBT
f b
¡coth( f b
kBT
), (1.14)
a result that can also be obtained from the relation between the average free energy
and the average end-to-end length
hr i Æ¡hEi
f
. (1.15)
1.4.2 Semiflexible worm-like chain
Early experiments on f-actin networks show that the network stiVness is much larger
than one would expect based upon the freely jointed chain model [16,27]. Images of
biopolymers show that most biopolymers are rather straight [16, 28]. This indicates
that singlemonomers cannot rotate freelywith respect to each other, but that they ex-
perience a bending stiVness preventing large bends between consecutivemonomers.
Because consecutive monomers have nearly the same orientation, we can use a con-
tinuum description of the polymer. One model that takes these considerations into
account is the worm-like chain model, in which the Hamiltonian of a single polymer
under an external force can be written as [29,30]
Hwlc Æ
Z L
0
Ã
·
2
¯¯¯¯
d tˆ (s)
ds
¯¯¯¯2
¡ f tˆ (s)
!
ds. (1.16)
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Here, s is the arc length coordinate running along the filament, tˆ (s) is the (unit) tan-
gent vector along the filament, f is the applied force, directed along the end-to-end
vector of the polymer, see figure 1.9, and · is the bending stiVness of the polymer.
Implicit in this definition is that the contour length L, which is curvilinear length of
the filament, is constant; the filament is locally inextensible.
The three parameters which determine whether or not the filament is highly
curved or nearly straight, are the bending stiVness, the temperature and the contour
length. A large bending stiVness suppresses bending. The temperature decides the
amount of thermal fluctuations in the filament: a high temperature induces large
thermal fluctuations while a low temperature gives rise to a nearly straight configu-
ration. Combining these two, ·kBT gives a measure for the length over which a poly-
mer appears straight in the presence of thermal undulations. This length is generally
called the persistence length `p. The third parameter that decides whether a filament
is straight or curved is the contour length L.
In the space spanned by the parameters L and `p, we can distinguish three
regimes. In the case of L À `p the polymer is highly curved. If a force is applied,
the extension of the chain is dominated by the stretching out of thermal fluctuations.
The force extension is thus entropic in origin, as is the case with the freely jointed
chain. If L¿ `p, the filament is almost straight. Since there are hardly any thermal
undulations which can be pulled out, the local inextensibility of the chain becomes a
global inextensibility. If L is of the same order as `p, the polymer will be more or less
straight with some thermal undulations. Polymers in this regime are the so-called
semiflexible worm-like chains. Many biopolymers at body temperature have bending
stiVnesses and filament lengths which causes them to fall in this class of polymers.
Deriving an analytic expression for the force-extension relation based upon the
energy of worm-like chains as given in equation (1.16) is extremely diYcult. For the
class of semiflexible worm-like chains we can formulate one further assumption that
simplifies equation (1.16) such that it becomes solvable. The tangent vector tˆ (s) can
be decomposed into the component tˆjj(s) parallel to the force and the end-to-end
vector of the polymer and the component tˆ?(s), perpendicular to the direction of the
force. For semiflexible filaments, the filament’s backbone undulations are small, such
that tˆjj(s) will be close to unity along the backbone and tˆ?(s) will be small. Within this
approximation, the Hamiltonian for the semiflexible worm-like chain becomes, to
leading order in tˆ?(s) [15,27],
Hsf wlc Æ
Z L
0
Ã
·
2
¯¯¯¯
d tˆ?(s)
ds
¯¯¯¯2
¡ f
µ
1¡ 1
2
¯¯
tˆ?(s)
¯¯2¶!ds. (1.17)
We can derive an expression for the force-extension relation by Fourier analysis
and the equipartition theorem [15,31]. If we define the end-to-end vector of the poly-
mer to be parallel to the z-axis, then tˆ?(s) Æ {tx (s), ty (s)}. This can be written as a
single complex quantity, t (s)Æ tx (s)Å i ty (s). Since both components are zero at s Æ 0
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and s Æ L, we can sine transform this into
t (s)Æ
1X
qÆ1
tq sin(qs), (1.18)
where q Æ n¼L and n Æ 1,2,3, .... The energy can now be written as
Hsfwlc Æ
L
4
1X
qÆ1
(·q2Å f )jtq j2. (1.19)
Taking into account that all quadratic terms in the energy contribute kBT /2 to the
average energy, and that~tq is a two-dimensional vector, we sum all modes such that
hjtˆ?j2i Æ 2kBT
L
1X
qÆ1
1
·q2Å f Æ
µ
kBT
f L
¶·q
f L2/·coth(
q
f L2/·)¡1
¸
. (1.20)
The length hr ( f )i of the end-to-end vector as a function of the applied force of semi-
flexible filaments can now be expresses as
hr ( f )i Æ L
µ
1¡ 1
2
hjtˆ?j2i
¶
Æ L¡
µ
kBT
2 f
¶·q
f L2/·coth(
q
f L2/·)¡1
¸
. (1.21)
This description of the single-filament properties of biopolymers can be used to
describe the network properties. In the following section we will discuss network
models that have been proposed to describe the network properties of biopolymer
networks.
1.5 Models of biopolymer networks
Twomain approaches can be distinguished, whichmodel the behavior of biopolymer
networks under deformation. The first approach explains the behavior of biopolymer
networks under deformation from the force-extension behavior of single filaments
alone. In this approach, the network response is entropic in origin, in the sense
that the network stiVness under shear originates from the decrease in the number
of possible fluctuations of the filaments in the network. The second approach relates
the observed stress-strain relations of biopolymer networks to the network structure
of these networks, neglecting the entropic behavior of the individual filaments. In
these models the network elasticity is enthalpic in origin, since the stiVness is due
to bending and stretching of rods. In the following sections both approaches will be
discussed.
1.5.1 Single-filament basedmodels
Many biopolymers can be described by semiflexible worm-like chains. For networks
in which the persistence length `p is of the same order of magnitude as the average
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distance between crosslinks `c, equation (1.17) is used to calculate the network re-
sponse of biopolymer networks. In these calculations the filaments are assumed to
be divided into segments by crosslinks between the filaments. Each of these segments
behaves according to equation (1.17). The filaments are assumed to be isotropically
distributed in the networks. It is diYcult to describe the actual displacement field of
all segments in the network. To overcome this problem, the assumption is made that
all segments follow the global deformation in the networks; i.e. all segments deform
aYnely. This assumption is also made in themodelling of the deformation of flexible
networks.
The combination of the assumption of an aYne network deformation and the
single-segment behavior as described by equation (1.17) allows for the calculation of
the elastic modulus, the large strain behavior and the frequency dependence of the
network response. The most well-know result from this approach relates the small
strain networkmodulus to the persistence length, the average segment length `c and
the average distance between filaments », which is directly related to the network
density and the crosslinker density [27]. The applied force f on a segment is equal
to the tension ¿ in a segment. To linear order in tension ¿, equation (1.21) can be
approximated by
¿
kBT
»
`2p
`4c
±`c, (1.22)
where ±`c is the extension of a segment with respect to its equilibrium length. The
relative extension of a segment is proportional to the applied shear and the length of
the segment,
±`c » °`c. (1.23)
Since we consider the shear-stress response on a shear deformation of a whole net-
work, we multiply the tension in each segment by the number of segments per unit
area along the plane parallel to the shear, which is 1/»2. Together, this gives us
G0
kBT
»
`2p
»2`3c
. (1.24)
Based upon the large-strain asymptote of the single-segment force-extension
curve, the diVerential modulus is predicted to scale as K » ¾3/2. This agrees well
with the large-strain scaling found in experiments [18]. Also the strain stiVening and
the high-frequency response of the networks predicted from this aYne, filamentous
theory agree well with experiments [9,13,15].
Although this aYnemodel has a broad explanatory power, there does not seem to
be any reason why the networks would deform aYnely. Moreover, the first couple of
experimental results on non-aYnity show a significant amount of non-aYne reori-
entations during deformation [19,20]. There are forces on themicroscopic degrees of
freedom which are not constrained by the global shear deformation. Reorientations
correspond to motion in the direction of these forces, and therefore cause the free
energy to be lower. In turn, the resulting modulus will also be lower. In the following
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we will discuss models that do allow for non-aYne reorientations during deforma-
tion. However, these models do not make use of the typical single-filament behavior
discussed in the former section.
1.5.2 Network basedmodels in two dimensions
Simulations of rod-like networks have shown to be a fruitful approach to understand
the mechanical properties of biopolymer networks. The most widely used simula-
tion tool is the so-called Mikado network, consisting of rigid rods in two dimen-
sions. Mikado networks are generated by placing straight rods in a (periodic) two-
dimensional box. The orientation and position of these rods is random. Once two
rods cross each other, a crosslink is generated, that connects the two rods at the place
where they cross; we will call the piece of rod between two adjacent crosslinks a seg-
ment. The deposition of rods stops when the desired density of rods is reached. In
this method, the densities of crosslinks and rods and the average segment length are
directly related: one of these cannot be regulated independent from the others.
The elastic properties of these rods are defined by a bending stiVness · and a
stretching stiVness ¹. The Hamiltonian of the semiflexible worm-like chain is dis-
cretized [32]. The stretching energy of a specific network configuration is given by
Hstretch Æ
X ¹
2
µ
@`
`0
¶2
`0, (1.25)
where the summation runs over all segments, `0 is the equilibrium segment length
and @` is the change in segment length. The bending energy of a network configura-
tion is given by
Hbend Æ
X ·
2
µ
@µ
`0
¶2
`0, (1.26)
where the summuation runs over all points that connect two adjacent segments along
a rod. @µ is the angle between these two adjacent segments and `0 is the mean end-
to-end distance between these two adjacent segments.
At low densities of rods, the rods do not form a network with rigidity percolation;
the network does not have any resistance to small deformations. With increasing
density, a network is formed that is rigid with respect to deformation. Subsequently,
these rigid networks are deformed by shear. After each small shear increment, the
energy of the network is minimized. The elastic modulus is then obtained from the
behavior of the energy as a function of shear. The amount of non-aYne deformation
can be calculated from the displacement field of the crosslinks.
The network response can be classified as a function of the network parameters.
The two parameters that determine the network behavior are the ratio of bending
and stretching stiVness ¹/· and the ratio of the rod length and the average distance
between crosslinks L/`c. The latter can also been seen as a measure for the num-
ber of crosslinks per rod or the density of the network. These two parameters deter-
mine whether the network response is in the bending-dominated regime, or in the
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stretching-dominated one. When bending is soft with respect to stretching, the net-
work deforms non-aYnely. This is the case when L/`c is low andwhen ¹/· is high. In
the other regime, stretching dominates and the networks deform more aYnely. This
regime is realized when L/`c is large or ¹/· is low [32, 33]. A non-aYne deforma-
tion implies a large amount of bending in the network, while an aYne deformation
is almost purely stretching. These two diVerent regimes are illustrated in figure 1.10,
which shows a typical example of a low-density and a high-density network. The col-
ors indicate the energies in these networks: clearly, the low-density network is domi-
nated by bending while the high-density network is dominated by stretching.
These results have implications for the applicability of single-filament based
models. In the regime where the network response is dominated by aYne stretching
of the rods, the network response is well described by an aYne model of semiflexi-
ble filaments. However, a description based on aYne deformation does not capture
the physics in the regime where the network response is bending dominated. Rough
estimates tell that most biopolymer networks are somewhere inbetween the bending
and stretching dominated regimes [32,33].
Another important characteristic of these networks is found by Onck et al. [34].
Starting with networks that are bending-dominated at small strain, they perform
large-strain deformations. They observe a transition from a bending-dominated re-
sponse at small strains to a stretching-dominated response at large strains. The non-
aYnity decreases with increasing strain, as expected from a transition from bend-
ing to stretching. These results are confirmed by three-dimensional simulations of
biopolymer networks, that again show a transition from a bending-dominated re-
sponse at small strains to a stretching-dominated response at large strains [35]. This
transition from bending to stretching provides an alternative explanation for the ob-
served strain-stiVening found in experiments on biopolymer networks. Figure 1.11
shows a typical example of a network that deforms by bending at small strains and
stretching at large strains. This work also reveals the importance of the network ge-
ometry for the stiVness of these biopolymer networks. In this thesis we will further
elaborate on this topic.
A more refined description of two-dimensional networks is introduced by
Heussinger et al. [23]. In addition to the enthalpic stretching ¹, an extra stretching
term that accounts for the entropic origin of the single-segment elasticity is included
in the Hamiltonian of the system. In systems where this entropic stretching term
dominates, the networks appear to be highly sensitive to polydispersity and struc-
tural randomness, eVects that are absent in athermal models. Based upon results
obtained by numerical simulations, they describe the macroscopic elastic modulus
in the non-aYne regime by relating the low-energy excitations of the network to the
non-aYnity in the network [24, 36], the so-called ’floppy mode model’. To the best
of our knowledge, this is the only work which finds an analytic relation between the
non-aYne displacement field and the elastic modulus.
In the models developed thus far, either the nonlinearity of the force extension
of the single filaments is combined with a linear (aYne) displacement field, or the
nonlinearity of the displacement field is combined with a linear filament response
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Figure 1.10: Examples of low, medium and high densities two-dimensional networks.
Purple segments indicate that the majority of the deformation energy of that seg-
ment is stored in bending, in blue segments the deformation energy in that segment
is mostly stored in stretching of the segment. Taken from [32].
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Figure 1.11: A typical simulated network in three dimensions under shear at diVerent
strain levels: °Æ 0.1 (upper figure), °Æ 0.3 (middle figure) and °Æ 0.5 (lower figure).
The color of each element corresponds to the value of the normalized energy diVer-
ence (Hstretch¡Hbend)/H (Ç 0 red; ¼ 0 green; È 0 blue) where Hstretch and Hbend are
the axial stretching energy and bending energy of an element, respectively, and H is
the total energy of the network at each strain level. Taken from [35].
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under deformation. Because of this, it is hard to decide the relative importance of
the single filaments and the network structure. In this thesis we will combine both
the nonlinearity of the force extension of single filaments with the nonlinearity of the
displacement field. This gives us an powerful tool to describe the eVect of both the
network properties and the single-filament properties on the network response.
In the final section of this introductionwewill give some background information
about some computational methods used in this thesis.
1.6 Methods used in this thesis
An important aspect of the work presented in this thesis is technical: the methodol-
ogy to simulate biopolymer networks. We use a number of computational techniques
to simulate these networks. For the benefit of the readerwho is not familiar with these
computational techniques, we provide here some background information on some
of these methods. Specifically, we discuss the Monte Carlo technique used to form
realistic three-dimensional networks; we also explain the Newtonian relaxation tech-
nique which we use to find the energy minimum of a network configuration; and in
the last subsectionwe discuss how to calculate the eigenmodes and eigenfrequencies
of our networks with the help of the dynamical matrix.
1.6.1 TheMonte Carlomethod
Before we can study the properties of three-dimensional biopolymer networks, we
should first find an adequate way to generate these networks. As discussed above, in
two dimensions this generation is relatively easy. If a suYcient number of filaments
are randomly placed in a two-dimensional box, there will be plenty of intersections.
By placing a crosslink at these places of intersection, a network is generated. In three-
dimensions, however, randomly placed one-dimensional objects do never intersect.
To overcome this problem, various approaches have been used. Firstly, one can
assign a certain thickness to the filaments so that they become three-dimensional
objects. Once two filaments overlap, a crosslink can be formed. By increasing or
decreasing the radius of the beam, the density of crosslinks can be varied.
Another approach makes use of molecular dynamics. Here, filaments are placed
in a box with a liquid. Due to the thermal excitations of the liquid, the filaments
fluctuate and move around in a box. Occasionally, there will be collisions between
the filaments, at which point crosslinks can be formed. In practice, with discrete time
steps, one can employ a minimal distance criterion: once the distance between two
filaments gets closer than some threshold distance, a crosslink is being formed. The
process of crosslinking can be accelerated by placing mutually attracting nodes on
the filaments [35].
We develop a new method to generate three-dimensional biopolymer networks,
with the use of Monte Carlo moves. We will first give some background information
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about Monte Carlo methods, and then explain how these can be applied for the gen-
eration of well-relaxed biopolymer network configurations.
Many physical systems of interest consist of a large number of degrees of freedom,
making it virtually impossible to sample all possible states. The general idea ofMonte
Carlo methods is to sample a limited but large number of states of a physical system,
under the condition that the probability of the realization of a specific state should be
equal to the probability of this specific state to occur in nature. Under this condition,
sampling only a limited number of states gives a good approximation of the average
state of the system.
InmostMonte Carlomethods, a series of states Si with i Æ 0, 1. . . ,M of the system
is generated, in which state SiÅ1 is constructed from Si via a small change, usually
called a Monte Carlo move. Typical Monte Carlo moves are the flipping of a single
spin in Ising model simulations, the displacement of a single atom in many-particle
simulations, or the breaking of a bond and generation of a new bond in a network
simulations. As we stated before, each state should be sampled with the appropriate
probability. In the canonical ensemble, the probability for state Si is proportional to
its Boltzmannweight, which is determined by the energy Ei of this state. The propor-
tionality constant is also known as the inverse partition function, and is determined
by the energies of all other states. The Boltzmann probability is given by
p(Si )Æ 1
Z
e¡¯Ei , (1.27)
in which
Z ÆX
j
e¡¯E j (1.28)
where ¯Æ 1/(kBT ) and the summation is over all states of the system.
A sequence of random changes in the system is unlikely to sample the states with
the appropriate probabilities. It is however possible to obtain the appropriate sam-
pling by either accepting or rejecting theMonte Carlomoves with well-chosen accep-
tance probabilities.
In nature, the ratio between the probabilities of the states of the systembefore and
after the move depends on the energies Ei and Ei 0 of the system before and after the
move. In computer simulations, this ratio can be achieved by enforcing a condition
known as detailed balance; for discrete systems it can be formally written as [37]
P (Si ! Si 0 )
P (Si 0 ! Si )
Æ e¡¯(Ei 0¡Ei ), (1.29)
where P (i ! i 0) is the probability of generating the state Si 0 starting from state Si .
Most Monte Carlo moves in use today have the property that transitions between
states Si and Si 0 are unbiased, i.e. themove fromone state to the other is equally likely
as its reverse move. One way to introduce the appropriate bias favoring low-energy
states is to always accept moves which lower the energy, but to reject a fraction of the
moves which increase the energy. In detail, the acceptance probability should be
P (Si ! Si 0 )Æmin
h
1,e¡¯(Ei 0¡Ei )
i
. (1.30)
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This algorithm to decide the probability of acceptance of a Monte Carlo move is gen-
erally known as theMetropolis algorithm and ensures detailed balance.
For a continuous space, i becomes a continuous variable and one should take
into account the volume change of the volume element in the vicinity of the state
before and after the change. This is done by calculating the Jacobian determinant of
the transformation det J when determining the acceptance ratio,
P (S(i )! S(i 0))
P (S(i 0)! S(i )) Æ e
¡¯(E(i 0)¡E(i ))det J . (1.31)
The other criterion for the Monte Carlo moves is ergodicity. This means that it
should be possible to reach any state in the system starting from any other state, if
the system would evolve long enough.
We do not use the Monte Carlo method to calculate average values of our net-
works, but instead use it to generate networks that are representative, i.e. have a high
probability to exist in nature. When forming a network out of a couple of hundred fil-
aments in a box, there are extremely many configurations that the network can take.
We cannot anddonotwant to sample all possible network configurations, but instead
create a small number of networks that have a high probability to occur in nature. In
our generation method, we start from random networks with an unphysically high
energy, and then use a Monte Carlo method to evolve these networks into networks
that have a high probability to exist in nature, which coincides with having a low free
energy. In our case, the Monte Carlo moves are small changes in the topology of the
networks, such as breaking bonds between crosslinks and creating new bonds. We
choose our moves such that the condition of ergodicity is satisfied. After each Monte
Carlo move, the free energy of the network is minimized under the topological con-
straints. We then apply theMetropolis accept-reject procedure outlined above, based
on the minimized free energies before and after the move.
Strictly speaking, we should calculate the Jacobian determinant at every step. This
would however render our generation procedure too slow to generate networks of the
desired size. We thereforemake the approximation that the phase space around each
state with minimized energy has the same volume and thus det J is 1.
A more detailed description of our method is presented in chapter 2.
1.6.2 Relaxationmethod
During the construction of well-relaxed networks, as well as during the analysis of the
properties of the relaxed networks, we need a method to bring the network to a local
energy minimum conformation, i.e. a state in which the force on each individual de-
gree of freedom is zero, and which is stable against small perturbations. A large num-
ber of energy minimization methods have been developed. One of the most popular
methods is the conjugate gradient method. Our specific problem is strongly related
to the generation of continuous random networks, for which a the method of choice
is diVerent. We refer to this method as local minimization with damped molecular
dynamics.
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DUring theminimization, the relevant quantities are the position~xi ,t , the velocity
~vi ,t and the force ~fi ,t of crosslink i at iteration t . Initially, the positions are those of
the network to be relaxed, and the velocities are set to zero. At all times, the forces
are the gradient of the energy, with a sign such that the force points in the direction
of lower energy. Then, iteratively, the forces are used to update the velocities, and
the velocities are used to update the positions, according to Newton’s equations of
motion
~vi ,tÅdt Æ~vi ,t Å
~fi ,t
mi
dt (1.32)
~xi ,tÅdt Æ~xi ,t Å~vi ,tÅdtdt Å
~fi ,t
mi
dt2, (1.33)
where dt is the time step and mi is the mass of the crosslinks, which we take to be
unity. As Newton’s equation ofmotion conserve total energy, i.e., the sum of potential
and kinetic energy, the network would not come to a halt, even if it would reach the
local energy minimum. To overcome this problem, we need a damping mechanism
which extracts kinetic energy. This is obtained by setting the velocity ~vi ,t to zero,
as soon as the iteration would result in a configuration with a higher energy. With
this simple method, we develop a fast algorithm to relax our networks. Within this
method of relaxation, it is easy to enforce global constraints.
1.6.3 Dynamical matrix
Small deformations of a network around a local energy minimum can be expressed
as a linear combination of the eigenmodes of the network. The mode structure and
frequencies of these eigenmodes contain valuable information about the network. In
chapter 4 we analyze the eigenmodes. Here, we give some background information
on the dynamical matrix, and explain how the eigenmodes and eigenvalues of our
networks can be computed numerically.
But first we will turn towards a simple example that will give some basic under-
standing of the concept of eigenmodes. Consider a particle in vacuum, connected to
a spring, having one degree of freedom. See figure 1.12 for a graphical representa-
tion of the one-dimensional energy landscape. For small displacements around the
equilibrium position, the energy is quadratic and can be written as
E Æ E0Åa(x¡x0)2 (1.34)
Here, E0 is the energy at equilibrium and a is an indication of the stiVness of the
spring. A small value of a indicates a flat energy landscape and soft deformation,
while a high value of a indicates the opposite. If the particle is placed out of its equi-
librium position, the restoring motion of this system can be described by
f Æmx¨ Æ¡@E
@x
Æ¡2a(x¡x0). (1.35)
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Figure 1.12: Illustration of energy landscape of a particle attached to a spring. The
dotted parabola indicates the harmonic approximation, valid for small deviations.
The width of the parabola scales with
p
1/a; a is a measure for the stiVness of the
spring.
Here, f is the force in the spring, x¨ is the second derivative of the position to time and
m is the mass of the particle. According to equation (1.34), 2a Æ @2E
@x2
, and thus the
equation of motion can be written as
x¨ Æ¡ 1
m
@2E
@x2
(x¡x0). (1.36)
The solution for this equation of motion is
x(t )Æ A1 cos(!t )Å A2 sin(!t ), (1.37)
in which A1 and A2 are parameters determined by the initial condition, and
!2 Æ 1
m
@2E
@x2
. (1.38)
The second derivative of the energy thus determines the frequency of oscillation.
Although our networks are systems with 3N degrees of freedom, the general pic-
ture of the one-dimensional spring is still relevant. In the harmonic approximation,
the energy E of the systemwith 3N degrees of freedom at a small deformation can be
given by
E Æ E0Å
3NX
i , j
ai , j (xi ¡xi ,0)(x j ¡ x j ,0), (1.39)
where ai , j are the elements of a 3N by 3N matrix and xi are the coordinates of the
crosslinks in the network. Now the equation of motion is given by
~¨x Æ Dˆ(~x¡ ~x0), (1.40)
where~x is the 3N dimensional position vector and Dˆ is the dynamicalmatrix, defined
as:
Dˆi , j Æ 1p
mim j
@2E
@xi@x j
. (1.41)
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Here,mi is themass of the element to which degree of freedom i belongs. The eigen-
values and eigenmodes of the system are the eigenvalues and eigenmodes of the dy-
namical matrix. All deformations of the network can be expressed as a linear com-
bination of eigenmodes. The eigenvalues indicate the frequency of oscillation of a
specific mode, and thus also the speed of relaxation if the network is deformed along
this eigenmode. If a network is out of equilibrium but slowly evolves towards it, the
eigenmodes with the lowest frequencies are the ones which take longest to relax.
In our networks, we calculate the forces by taking the derivative of the energies. In
order to calculate the dynamical matrix, we simply take the numerical derivatives of
the forces with respect to the positions. With the help of commercially available rou-
tines, the eigenmodes and eigenvalues of the dynamical matrix can be found. These
are exactly the eigenmodes and eigenvalues of the whole network, and give insightful
information into the deformation of the networks.
We conclude this introduction with an outline of this thesis.
1.7 Overview of this thesis
To describe the physics of biopolymer networks under shear, two main approaches
have been proposed in literature. Interestingly, both approaches seem to be com-
plementary. The single-segment aYne model assumes an aYne deformation and a
highly nonlinear force-extension curve of single segments. The network-based mod-
els assume a linear force-extension curve of single segments combined with a net-
work relaxation that can be non-aYne if that is the state of minimal energy under the
constraint of the imposed shear. In this thesis we present a model that combines the
typical nonlinear behavior of the single filaments with a network model that allows
for non-aYne deformation.
In chapter 2 we will introduce this model in more detail. In addition, we give the
first results obtained from simulations of this model. These results link both the net-
work stiVness and the non-aYnity of the deformation to the filament properties and
the network structure. Also, we characterize the amount of order in these networks
during deformation and see that the non-aYnity enhances the ordering in the net-
works.
In chapter 3 we use our model to describe composite networks, networks that
consist of floppy and stiV filaments. We will see that these networks combine the ini-
tial softness of the soft filaments with the large-strain properties of the stiV filaments.
Considering the non-aYnity and the network modulus gives us insight in the strain
partitioning between the soft and stiV filaments. The average forces in the soft and
stiV filaments during deformation reveal a self-matching behavior at large strain: the
soft filaments stiVenupuntil they are comparable to the stiVness of the stiVfilaments.
This example is a great illustration of how the nonlinearity of the single filaments and
the nonlinearity of the deformation field enhance each other and give rise to unex-
pected behavior.
In chapter 4 we look at the network modes and the eVect of internal stresses.
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We will see that the internal stresses stiVen the networks below the Maxwell rigidity
point. Based on a simple mode-counting argument we find an important diVerence
between two-dimensional and three-dimensional filamentous networks. Contrary to
2d networks, in 3d networks the network response is non-aYne if the bending of fil-
aments is soft in comparison with stretching of filaments, irrespectively of filament
length, unless the network geometry prevents a non-aYne deformation. The amount
of non-aYnity depends upon the relative stiVness of bending versus stretching.
Finally, in chapter 5, we consider network dynamics. We extend our model such
that the viscous interaction of the surrounding medium with the polymers is in-
cluded. We look at the frequency dependence of the network response and find
that at high frequencies the network response is aYne and dominated by the single-
filament behavior. At low frequencies, the network response is non-aYne and the
network geometry plays an important role in the network response.
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Chapt er 2
Generation of networks
We present a method to generate realistic, three-dimensional networks of
crosslinked semiflexible polymers. The free energy of these networks is obtained
from the force-extension characteristics of the individual polymers and their per-
sistent directionality through the crosslinks. A Monte Carlo scheme is employed
to obtain isotropic, homogeneous networks that minimize the free energy, and for
which all of the relevant parameters can be varied: the persistence length, the con-
tour length as well as the crosslinking lengthmay be chosen at will. We also provide
an initial survey of the mechanical properties of our networks subjected to shear
strains, showing them to display the expected nonlinear stiVening behavior. Also, a
key role for non-aYnity and its relation to order in the network is uncovered. There
has been some debate whether the origin of stiVening is ultimately entropic or me-
chanical, but our results suggest that rather, we should focus our attention on the
degree of non-aYnity which acts to delay and attenuate the stiVening.
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2.1 Introduction
Networks of semiflexible polymers have become one of the focal points in current
soft matter research. The reason for this interest is twofold: on the one hand, most
relevant structural biological materials, both intra- and extracellular, share the com-
mon architecture of crosslinked semiflexible polymer networks. In the introductory
chapter we presented two archetypical examples, namely the cytoskeleton and the
extracellular matrix. At the same time, there is a wide-spread realization that semi-
flexible networks represent an interesting soft-matter system in their own right, out-
side of any biological context, resulting in a much more fundamental interest in the
microscopic and geometrical origins of their mechanical behavior.
The mechano-elastic characteristics of networks of semiflexible polymers have
been studied to analyze and characterize diVerent types of these networks, both in
vivo [38], and in vitro [7]. As discussed in chapter 1, the contributions of theory have
been many and insightful, but analytical progress has typically only been possible in
certain limiting cases where simplifying assumptions may be believed to hold, most
notably the assumption of aYne deformations [15, 27]. At the same time, computer
simulations have been used to study these networks, but they too have had to rely
on simplifications - either reducing the system to two dimensions and limiting to
the small-strain regime [32, 33] or ignoring the nonlinear nature of the constituent
filaments [34,35].
We believe that the time is right for more realistic numerical modeling of these
networks that allows for a detailed microscopic look at the relations between struc-
ture, geometry andmechanical properties. To this end, we present a computermodel
to simulate these semiflexible polymer networks in three dimensions. Networks are
considered to consist of filaments, described as semiflexible polymers. These fil-
aments are crosslinked in various locations, which might induce extra bending of
filaments, thus increasing the free energy of the system. We start with a homoge-
neous, isotropic initial random network with a high free energy, and employ a Monte
Carlo scheme to relax this network. This approach allows us to generate realistic
three-dimensional networks containing hundreds of crosslinks, which are nonethe-
less well equilibrated and thus represent realistic initial conditions for further me-
chanical loading in three dimensions. Themethodology to generate such networks is
the first main result presented in this chapter, and is described in the first part of this
chapter.
In the second part of this chapter, we subject these networks to shear, and an-
alyze their behavior as a function of the network parameters, e.g. the stiVness and
the length of the filaments. The results of these computer experiments are compared
with experiments to validate our model, and yield novel predictions for the mechan-
ical behavior of semiflexible networks.
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Figure 2.1: Schematic presentation of (part of) a semiflexible network, in which lines
indicate the filaments and dots the crosslinks. The section of the filament between
crosslinks i and j has length `c,ij and end-to-end distance ri j . µ j kl denotes the angle
between two end-to-end vectors of neighboring segments along the same filament.
2.2 Network generation and equilibration
We begin our discussion with a detailed look at the generation of our semiflexible
networks based on single polymer energies, and how the Metropolis-Monte Carlo
scheme is implemented and adapted for our specific purposes.
2.2.1 Network free energy
The networks considered in this thesis consist of filaments, which are linked by
crosslinks i Æ 1. . .N . Figure 2.1 shows a schematic representation of a part of the
network, indicating important parameters of the network and the notation used. As
introduced in the introductory chapter, each filament is an inextensible semiflexible
chain, whose energy in the presence of an external force is given by
Efil Æ
Z `c
0
Ã
·
2
¯¯¯¯
d tˆ?(s)
ds
¯¯¯¯2
Å f
2
¯¯
tˆ?(s)
¯¯2!ds, (2.1)
where s is the arc length coordinate running along the filament, · is the bending stiV-
ness which is related to the persistence length `p as · Æ ¯¡1`p, with ¯ Æ 1/(kbT ),
tˆ?(s) is the transverse component of the (unit) tangent vector along the filament, and
f is the applied force, directed along the end-to-end vector of the polymer. The fila-
mentous contribution to the total energy of a network is the sum of the energies of all
filaments. In this chapter we consider inextensible filaments, thus ignoring backbone
stretching of the filaments, a deformation that is only relevant at high forces for most
biopolymers.
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A brief note on our nomenclature: our networks consist of (multiply) connected
filaments. Each of these filaments is partitioned into segments, which begin and end
in crosslinks. A filament can thus consist ofmany segments, but is always a singleme-
chanical entity, satisfying persistence not just at the segment level but also through
crosslinks.
Each crosslink connects segments of two filaments, and our networks are there-
fore strictly tetrafunctional - albeit with the possibility of dangling endswhich are dis-
carded (we do not take steric avoidance into account). Compared to the other scales
in the network, crosslinks are assumed to be exceedingly small so that their only ac-
tion, eVectively, is to force a binary bond between two distinct filaments, or remote
regions of the same filaments.
In our computer simulations, we store a complete list of all positions ~xi of the
crosslinks, a complete list of the contour lengths `c,ij of the segments between
crosslinks i and j , and a connectivity table which lists which segments are linked
by each of the crosslinks. We do not keep track of the spatial configuration of a seg-
ment between two crosslinks. Instead, we use the exact radial distribution function as
computed from equation (2.1) [39] to assign to each segment a contour length drawn
from the radial distribution function computed at the segment’s end-to-end length
and persistence length. In this manner, we can already perform an important part of
the full ensemble sampling in a straightforwardmanner: diVerent assignments of the
contour lengths correspond to diVerent realizations of semiflexible networks with a
prescribed spatial distribution of crosslinks. The relative likelihood of a given distri-
bution of lengths is computed from the free energy of the resultant network, which
we compute as follows.
For a given network realization we partition the free energy in an internal seg-
ment part F2 and an inter-segment part E3. As stated above, the internal degrees of
freedom of the segments are integrated out. Thus, we express the free energy of a
segment as a function of the distance between the crosslinks (ri j ) and the length of
the segment (`c,ij). If the applied force f in equation (2.1) is positive (i.e., stretch-
ing the filament), F2 can be computed from equation (2.1) by employing a semiflexi-
ble analogue of the Marko-Siggia interpolation formula [40]; an expression for this is
given in the next section. The semiflexible WLC force-extension formula is not par-
ticularly accurate for negative forces, as the filaments quickly assume configurations
with considerable transverse displacements under compressive loading. The crucial
feature of compressive loading, however, is that the forces involved are always con-
siderably smaller than those encountered for extensional loads - indeed, this asym-
metry in the force-extension curve is responsible for many mechanical features of
semiflexible networks. For negative forces, we find that the force-extension is ade-
quately described by an exponential approach to the asymptote set by the classical
Euler buckling force. Integrating the force-extension curve yields the following ex-
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Figure 2.2: Validation of our eVective Hamiltonian. a) Analytic force-extension curve
(straight line) (see [30]) vs. interpolation formula of force-extension (dotted line),
where f is the force on the segments and g (r ) the relative extension with respect to
the equilibrium configuration. b) The distribution P (µ) of the angle µ between two
segments, for diVerent ratios `1/`2 between the lengths of the first (`1) and the sec-
ond (`2) segment and for the persistence length `p, related to the total length L of the
two segments, L Æ `1Å`2. The straight lines are are obtained fromMonte Carlo sim-
ulations of long polymers, the dotted lines are our approximation (equation (2.4))
using the same values for `1, `2 and `p/L. From top to bottom the figure shows
respectively the (simulated and approximated) curves for `p/L Æ 33.3, `p/L Æ 14.3,
`p/L Æ 3.33 and `p/L Æ 1.43. For the simulated curves, we used for the upper curve
`1/`2 Æ 1/2. The second-upper curve is a double curve, showing both `1/`2 Æ 6 and
`1/`2 Æ 2/5, the third-upper curve shows `1/`2 Æ 1/2. The bottom curve is a double
curve, showing both `1/`2 Æ 1/6 and `1/`2 Æ 2/5. The figure shows that `1Å`2 is the
length on which the distribution depends. The shape and the peak of the distribu-
tions of our approximation are in decent agreement with the simulated curves.
pression for the energy
¯F2 Æ
8><>:
¡ 9g (ri j )
2(5Å6g (ri j ))
¡1Å6g (ri j ) if f È 0
j(¡ 190 (¡1Åexp(90g (ri j )/¼2))¼4Å¼2)j if f Ç 0
(2.2)
where g (ri j ) is the scaled extension given by:
g (ri j )Æ¡`p/`c,ij Å1/6Å`pri j /`2c,ij . (2.3)
These equations are not only computationally convenient, they also provide an
excellent fit to the full, analytical force-extension curves as shown in figure 2.2a,
where we plot the force vs. the scaled extension g (ri j ). In addition to the single-
segment force-extension, we also need to keep track of their persistence through
crosslinks. There is no analytical formula for this contribution, and we have there-
fore simulated many individual filaments to obtain a reliable numerical expression
36 Generation of networks
for this contribution. If the applied force f in equation (2.1) is positive (i.e., stretch-
ing the filament), it turns out that we can capture the essential behavior by
¯E3 Æ
`pµ
2
i j k
`c,ijÅ`c,jk
, (2.4)
where `c,ij and `c,jk are the contour lengths of the segments and µi j k is the angle be-
tween the two end-to-end vectors of the segments. Note that this contribution to the
total energy is not accompanied by an entropic contribution, since it is defined by
explicit variables in our network.
To assess the quality of the segment-segment energy function, we compare the
distribution function of this energy with simulations. We simulate a single wormlike
chain of length Lw , at a fixed temperature and a persistence length `p, and count the
probability Pwlc(µ) of an angle µ between the vectors~rLw ¡~rN and~rN ¡~r1. Here, N is
anywhere on the chain. Our approximate expression for this probability is Papp(µ)»
N (`p/(`c1Å`c2 ))µexp(¡¯E3(µ)), in which the energy E3 is given by equation (2.4) and
N (`p/(`c1 Å`c2 )) is a normalization factor. This histogram is plotted in figure 2.2b.
Although the correspondence is not perfect, this formula does reflect the essentials
of the angle distribution, capturing the broadening and shift of its peaks.
In summary, we attribute to a specific network configuration an energy which
is the sum of single-segment energies given by equations (2.2), plus a sum over all
segment-pair energies given by equation (2.4), which runs over all pairs of segments
belonging to the same filament andmeeting in the same crosslinks.
2.2.2 Interpolation formula for the segment free energy
Equation (2.1) enables us to derive an analytic approximation for the semiflexible
force-extension relation. To simplify notation, we will pass to dimensionless quan-
tities, rescaling all forces by a factor of `2c/· and all lengths by `p/`
2
c . Based upon
equation (2.1), we can express the scaled diVerence between the total rescaled length
of the polymer (l˜c ) and the end-to-end length at rescaled force Á (l˜Á) as [15]:
˜`c¡ ˜`Á Æ 1
¼2
1X
nÆ1
1
n2ÅÁ , (2.5)
which gives:
˜`c¡ ˜`Á Æ
¡1ÅpÁcothpÁ
2Á
. (2.6)
At zero force this gives ˜`c ¡ ˜`0 Æ 1/6. With this, we can define the diVerential ex-
tension at force Á (i.e, the incremental extension compared to that at zero force)
as ± ˜` Æ ˜`Á ¡ ˜`0. We use these equations to construct an interpolation formula for
Á(r,`c,`p), which is the direct analogue of the Marko-Siggia interpolation for the
WLC [40]. Around ˜`0 equation (2.6) gives as a first order approximation:
ÁÆ 90± ˜`. (2.7)
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In the large force regime we can expand equation (2.5) to yield
ÁÆ 1
4(1/6¡± ˜`)2 . (2.8)
Tying the two asymptotes together yields
ÁÆ¡18± ˜`Å 1
4(1/6¡± ˜`)2 ¡9, (2.9)
which can be integrated once to yield equation (2.2). Figure 2.2a shows the compar-
ison between this formula and the exact solution - the diVerence between the two
does not exceed 6%.
2.2.3 Network generation
The task at hand is obviously to determine network configurations that minimize the
free energy thus defined. To this end, we use a Monte Carlo minimization scheme as
introduced in section 1.6.1: starting from an isotropic, random network, we propose
random changes in topology, each of which is either accepted or rejected according
to the Metropolis criterion.
The initial network is constructed by placing m nodes with random coordinates
in a cubic periodic cell. To connect these nodes into a four-fold coordinated network,
we proceed iteratively: we begin by identifying three nodes which are close to each
other and connect these with a loop of three bonds. This loop is then extended one
bond at a time: we identify a node A which is not fully connected andwhich is closest
to an existing bond BC , and then replace this existing bond by two bonds AB and AC .
This process is repeated until all nodes are four-fold connected.
In the resulting fully fourfold-coordinated network, each bond is considered to
be a segment of a single, long filament. This network as a whole can therefore be
considered a single, circular filament which is crosslinked to itself at various places.
We then proceed to minimize the free energy - computed as detailed before - of this
initial network, using the standard local minimization method of damped molecular
dynamics, see section 1.6.2.
The initial network will be highly stressed, and in general far removed from a real-
istic equilibrium configuration. Chiefly, this is due to considerable filament bending,
with intra-filament bends at crosslinks often exceeding 90 degrees. As initial large
strides towards an optimal configuration will proceed along downhill directions re-
lated to the release of precisely these dominant bending stresses, we first focus on
rearranging the topology of the network, analogous to the continuous random net-
work approach, pioneered by Wooten, Winer, Weaire [41] and further extended and
optimized as detailed in [42]. This is realized by a series of Monte Carlo moves that
alter the topology; these are moves (a) and (b) in figure 2.3. To the initial configu-
ration with a topology L0 with minimized coordinates ~x 0, we assign a free energy F 0
as obtained from equation (2.4) plus a quadratic function around the average bond
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Figure 2.3: Schematic representation of the three Monte Carlo moves. a) Four
crosslinks that are connected as shown in the above figure, are randomly selected
in the network. Bonds AB and CD are broken and bonds AC and BD are created,
such that the configuration of the lower figure is formed after energy relaxation. b)
A crosslink is randomly chosen at which crosslinks A and B are part of the same fila-
ment, as are crosslinks C and D (above figure). Now A and C become part of the same
filament as do B and D. This alters the three-crosslink free energy, E3. c) A randomly
chosen length (d`) is removed from the length of one segment of a filament and trans-
ferred to a neighboring segment of the same filament, such that the configuration of
the lower figure is formed after relaxation.
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distance, to prevent crosslinks from clustering and to tune the final network topol-
ogy. The average bond distance determines whether the final network will be densely
or loosely crosslinked. We then change the topology to L00 by one of the moves, and
relax the network with this new topology, resulting in the new coordinates ~x 00 and a
new free energy F 00. Depending on the change in free energy ¢F Æ F 00¡F 0, the topo-
logical change is accepted or rejected, using the Metropolis algorithm. Note that in
this stage, we assume that the free energy of a network withminimized crosslinks co-
ordinates is representative for the free energy of all networks with the same topology,
up to some additive constant that is topology-independent.
Once such topology altering moves no longer significantly aVect the overall en-
ergy - this typically happens in configurations where the bending angle of the fila-
ment in each node is on average around 20 degrees - contour lengths are attributed
to the segments. As explained, for a segment AB with end-to-end distance rAB , the
length `c,AB is drawn from the corresponding distribution for the WLC with the de-
sired persistence length `p. Next, we chop up the single continuous filament into
many smaller ones, by random deletion of segments under the constraint that all
crosslinks stay connected, up to the point where the desired number of filaments (or,
alternatively, mean filament length) is reached. This network is then further equili-
brated with the Monte Carlo moves (b) and (c) shown in figure 2.3, each of which is
now accepted to a comparable degree. To avoid computational instabilities for floppy
filaments we add a short-range repulsive force between crosslinks. A typical network
generated with this approach is shown in figure 2.4.
2.3 Mechanical response of the network
The ultimate goal is to understand the relationship between the structure of a net-
work and its mechanical properties. In the following sections, we explore some of
the basic mechanical properties of our system in an attempt to check whether well-
known behavior is correctly reproduced, and simultaneously to oVer a glimpse of the
relevant microscopic processes that we are now able to study in detail and their role
in the overall mechanics.
The behavior of biopolymer networks under strain depends onmany experimen-
tal parameters, such as the concentration of biopolymer, the amount of capping pro-
teins and the concentration and characteristics of binding proteins. In our simula-
tions, we can reproduce such changes by varying the crosslinking length, the per-
sistence length and the average number of crosslinks per filament. In this chapter we
consider networks that consist of thousand crosslinks and two thousand segments, of
which some are the floppy ends of filaments, which are not taken into account in our
simulations during deformation. Our networks are densely crosslinked, which im-
plies that the average distance between crosslinks along filaments is about the same
as the average distance between crosslinks. This allows us to ignore the steric inter-
actions due to entanglements, since it hardly happens that two filaments are nearby
but not connected. Since we do not take into account excluded volume eVects, our
40 Generation of networks
Figure 2.4: Representation of a generated network. This network consists of 333 fila-
ments, each on average crosslinked six times. Note that the undulations of the seg-
ments are not represented. The network has periodic boundary conditions: a fila-
ment leaving the periodic cell on one side, enters it on the opposite side.
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data are only representative for networks of relative low densities, as they are usually
found in nature. The persistence length in the networks we use ranges from `p/`c Æ 1
to `p/`c Æ 16 and the average length of filaments from L/`c Æ 3 to L/`c Æ 20. All data
presented in this chapter comes from simulations of single networks that are as large
as feasible, rather than averaging over multiple small networks, to minimize finite-
size eVects.
The experimental techniques used to probe the mechanical response are es-
sentially twofold: on the one hand, in vitro networks are often subjected to global
shears in commercial rheometric setups to characterize their macroscopic visco-
elastic properties [16, 43]. On the other hand, many experiments focus rather on the
microscopic processes involved by injecting small particles (» 1¹m) in the network to
monitor the behavior at the filament scale of the network [19,20]. Our computational
method allows us to work at both levels by direct and simultaneous measurement of
the overall stiVness as well as all individual displacements and forces in the system,
to high accuracy.
Wemodel shearing by virtually displacing all crosslinks positions aYnely by small
shear-increments of 0.2 %. After each shear-increment we allow for non-aYne relax-
ation of all individual crosslinks in order to minimize the free energy of the network,
as explained in section 1.6.2. During this procedure the forces and displacements are
recorded and can be used for further analysis of the network response. It’s important
to note that we allow for full relaxation after each strain increment - this would be
appropriate for adiabatically slow shears and should therefore be compared to the
zero-frequency limit in oscillatory rheology, as indeed we shall do.
2.3.1 Strain stiVening
To characterize our networks, we first consider the diVerential stiVness, K Æ @¾/@°
during shear. An important and characteristic feature of these networks is their highly
nonlinear stiVening behavior under relatively small shear stresses [16]. As argued in
Ref. [15], all experimental curves of the modulus of networks of semiflexible poly-
mers collapse for small shears on a master curve by scaling the stiVness by the ini-
tial stiVness (K /K0) and scaling the shear by its value at which the stiVness is four
times the initial stiVness (°/°4). Figure 2.5a shows the scaled strain-stiVness curves
of our networks under shear, where we plotted the diVerential modulus K , as a func-
tion of shear for diVerent ratio’s between `p and `c (the average contour length of the
segments). We observe the same universal scaled stiVening behavior as observed in
experiments, of which some examples are given in figure 1.6. For comparison, we
plotted the theoretical curve that incorporates the typical force-extension curve of
single filaments combined with the assumption that the filaments deform aYnely,
that has shown to represent this same master curve. Note that we do not account for
rupture and backbone stretching of the filaments, which becomes relevant at larger
shears. Figure 2.5b shows the original curves, where one clearly sees an increase in
the initial stiVness as well as a small decrease in the strain at which the networks
start to stiVen by increasing the stiVness of individual filaments. In our simulations,
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Figure 2.5: a) Master curve of scaled diVerential modulus as a function of scaled
shear-strain °/°4, where °4 is the strain at which the modulus is four times the initial
modulus G0. For the curves shown the average number of crosslinks per filament is
L/`c Æ 6. The values for the scaled persistence length `p/`c used are 15.7, 3.81 and
0.77, of which only the latter is distinguishable at large strains (dotted blue line). Be-
sides, we plotted the scaling from aYne theory, which overlaps with the other curves.
b) The original strain-stiVness curves with the following values for the scaled persis-
tence length (from top to bottom): 15.7, 3.81 and 0.77. Note that we plot all data
points and draw a curve through them. However, a couple of the data points lies well
outside the curve (see section 2.3.3).
`p/`c ¼ 16 ismore or less comparable with an actin network with an average distance
between crosslinks of 1 ¹m and an average filament length of 6 ¹m. Smaller values
of `p/`c represent networks of filaments with a lower persistence length like fibrin or
networks that are less dense.
Another way to compare our results with experiments is to look at the scaling in
the large strain limit. By superposition of a small oscillatory stress on a prestress, the
diVerential modulus can be experimentally measured. From these measurements it
is known that K » ¾1.5 for large stresses ¾ [18]. We plotted K /K0 vs. ¾/¾c, where
¾c is the critical stress, defined as the intersection between the horizontal low-stress
regime and the high-stress asymptote. As shown in figure 2.6, all our networks show
the same characteristic scaling behavior at large shears. Combinedwith the observed
stiVening, this indicates that we capture the essential physics in our model, both at
small and large shears.
Equation (2.7) indicates that the initial stiVness of individual filaments scales as
K0,fil » `2p/`4c . We expect this scaling behavior to change when the filaments are
placed in a network that allows non-aYne reorientations, as is the case in our sim-
ulations. Since all filament properties scale with `p/`2c , we plot K vs `p/`
2
c , see fig-
ure 2.7a. The figure shows that K0 » (`p/`2c)1 which emphasizes that for non-aYne
deformations the persistence length of the constituent filaments is less important for
the overall network behavior, as filament reorientations allow for an alternative route
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Figure 2.6: DiVerential modulus of the networks as a function of the scaled shear
stress ¾ for 18 networks with varying `p/`c and L/`c.
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Figure 2.7: a) DiVerential modulus K as a function of `p/`2c . The three curves show
the values at diVerent strains ° (from bottom to top): 0.02, 0.10 and 0.20. For all
curves shown L/`c Æ 6. b) K at ° Æ 0 as a function of L/`c for various `p/`c (upper
line: `p/`c Æ 15.7, middle line: `p/`c Æ 3.81, bottom line: `p/`c Æ 0.77).
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to comply with the imposed strains. For increasing °, the steepness of the slope in-
creases, which strongly correlates with the stiVening of the networks.
From experiments [19] and simulations [23, 35] it is known that the average fil-
ament length influences the network response. In cells many capping proteins are
active that can control the length of the filaments, thus changing the mechanical
properties. We measured the initial stiVness K0 as a function of the average filament
length L and `p. L/`c can be considered as the average number of crosslinks on a fil-
ament, which we can vary while keeping `c constant. As expected, figure 2.7b shows
a decrease in K0 if the average filament length decreases. Segments of the same fil-
ament influence each others displacements, thus restricting the freedom to adapt
to stresses. Besides, when crosslinks connect two or three segments instead of four,
these crosslinks aremore flexible to reorient when sheared. Therefore, networks with
short filaments are softer during shearing.
Figure 2.7b also shows that the stiVness becomes nearly zero for short filaments,
a behavior independent of `p. This decrease is related to the percolation of the net-
work. When the filaments become too short, no real network will be formed. In that
case, shearing will shear the liquid in which the filaments are immersed, but the fil-
aments will not be constrained in their movement and thus the stiVness will vanish.
Please note that we employ a specific procedure to removematerial from the network
to generate increasingly sparse networks, which implies that the filament length at
which the modulus vanishes cannot be directly related to experiments. The overall
trend, however, is representative of real networks. In chapter 4 we discuss the perco-
lation transition in biopolymer networks in more detail.
2.3.2 Non-aYne behavior and ordering
While the system deforms in our simulations we allow for non-aYne reorientations
of the segments. It has been suggested that such non-aYne deformations greatly al-
ter the mechanical response [34], and indeed we find that this is true. In section 1.3
we gave a phenomenological description of non-aYnity based upon a couple of ex-
amples. Here we give a formal definition and a couple of measures of non-aYnity.
In general, an applied macroscopic strain maps anymaterial point x in the reference
space in the network onto a new point x0 in the target space. The location of the
point in the target spacemay be thought of as arising from a combination of an aYne
deformation and a non-aYne contribution:
x0 Æ¤(°)xÅ¢(x,°) , (2.10)
where¤(°) is the deformation gradient tensor, which for the casewe consider - three-
dimensional simple shear in the xˆ1-direction - is given by
¤(°)Æ
0@ 1 ° 00 1 0
0 0 1
1A . (2.11)
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The observation that the non-aYne contribution ¢(x,°) depends both on the ap-
plied strain and the (original) location of the point under consideration immediately
raises the question ofwhat, precisely, itmeans for a system to be aYne. In the strictest
sense, an aYne systemmaybe defined as one obeying¢(x,°)Æ 0 for allx,°. This def-
inition, however, is highly restrictive as it does not allow for any non-aYnemotion at
any point. For systems that do behave non-aYnely to some extent, the most general
measure of the extent of this non-aYnity was shown in [26] to be the non-aYnity
correlation function
Ai j (x,x
0;°,°0)Æ h¢i (x,°)¢ j (x0,°0)i, (2.12)
where the average h. . .i is over all crosslinking points in the network. Both its spatial
dependence and the strain dependence are of interest - in a moment we will inves-
tigate the strain dependent aspects by focusing on the trajectory that single points
trace out during a deformation. Following [26], we shall measure to this end the equal
argument limit of the trace of Ai j (x,x0;°,°0) which we shall call simply A(°):
A(°)Æ 1
°2
hj¢(x,°)2ji. (2.13)
Note that this measure need not approach zero at large strains, even though onemay
expect all segments to become aligned with the direction of maximal strain in this
limit and experience, in eVect, a purely extensional strain. The reason A(°) does not
tend to zero lies in the fact that even though the deformation becomes diVerentially
aYne, it does not become aYne in the absolute sense. To focus on this diVeren-
tial aYnity, which we feel is a more appropriate measure of (asymptotic) aYnity, we
introduce a second measure by considering the diVerential displacement from the
initial point xi to the final point x f before and after a small strain increment d°:
x f Æ¤(d°)xi Å ¢˜(xi ,°Åd°). (2.14)
We use this to define the diVerential non-aYnity measure
±A(°)Æ 1
(d°)2
hj¢˜(x,°)2ji. (2.15)
This measure does go to zero as ° becomes very large. Later, our simulations will
show that we do not expect this limit to be attained in experiments as, for realistic
parameter values, the systemwill have failed long before. A and ±Amay be expressed
in terms of each other, and the latter tending to zero implies that asymptotically, A
should become constant with the magnitude of this constant reflecting the overall
strength of the past non-aYnity.
Ultimately, we are interested to see to what extent non-aYnity aVects the me-
chanical response. To monitor this influence, we perform a shear without relaxation
after each strain increment, thus obtaining KaV. Figure 2.8a shows both KaV, which
is independent of L/`c, and K for networks with diVerent filament length, all having
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Figure 2.8: Non-aYne behavior of the networks during shearing. The diVerential
modulusK measured during aYne deformation (upper, dotted line) and during non-
aYne deformation (from bottom to top: L/`c Æ 5.0, L/`c Æ 8.0, L/`c Æ 20.0). For all
networks `p/`c Æ 0.77.
`p/`c Æ 1. As can be seen, even for long filaments, the diVerence between aYne de-
formation and non-aYne deformation is striking, both for he initial modulus K0 and
for the onset of stiVening. This puts the so-called linear (i.e., small-strain) regime of
network elasticity in a new perspective: even though the strains are small, there is
always a finite amount of non-aYnity which greatly aVects the overall small strain re-
sponse. It is thus crucial to understand the role of non-aYnity, even at small strains,
to predict the network modulus.
Even though the Hamiltonian of the network remains the same, the diVerence
between the strain-stiVness curves is striking. These diVerences can only be due to
non-aYne behavior of the network, as all other determinants - topology, filament
length, density and persistence length, are identical. There has been some debate
whether the origin of stiVening is ultimately entropic or mechanical, but our results
suggest that rather, we should focus our attention on the degree of non-aYnity which
acts to delay and attenuate the stiVening.
To see whether our systems tend to aYnity at the largest strains, we measure the
diVerential non-aYnity ±A as a function of the applied macroscopic strain. To relate
±A to other length scales in the system, we plot ±A/r 2c , where rc is the average dis-
tance between crosslinks. Figure 2.9a shows a strong increase in ±A with increasing
strain. Figure 2.9b reveals a strong correlation between the stiVening of the networks
and the amount of non-aYne displacements. Apparently, to prevent the extreme ex-
tension that filaments would experience at high strains in an aYne setting, the net-
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Figure 2.9: a) DiVerential non-aYnity ±A as a function of strain for diVerent `p/`c.
For all curves, L/`c Æ 6. To relate ±A to other length scales in the system, we plot
±A/r 2c , where rc is the average distance between cross-links. A value of 1.0 implies
that the average non-aYne displacement is equal to rc if °would be 1.0. b) The stiV-
ness vs. the diVerential non-aYnity during deformation.
work shows a strong non-aYne reorientation. As indicated before, we expect that for
high shear all filaments will be aligned in the direction of shear and deform purely by
stretching. Since stretching is an aYne deformation, we expect ±A to ultimately tend
to zero at large strain. This figure and the inset make it clear that this asymptotically
(diVerentially) aYne regime is never actually attained, and non-aYnity will continue
to feature prominently all the way up to the point of failure.
Shorter filaments, or filaments that are less densely crosslinked, are less con-
strained in their motions which should, in principle, allow for greater non-aYnemo-
tions. To verify whether indeed this is the case, we evaluate the non-aYnity as a func-
tion of filament length. To better compare to existing experiments, we shall use A, the
overall non-aYnity parameter, instead of the diVerential measure ±A. Figure 2.10a
indeed shows a pronounced increase in non-aYnity as the length decreases. This is
in agreement with experiments on f-actin, which also show an increase in A(0) for
decreasing filament length [19]. Translating A(0) to real distances gives for actin with
an average `c Æ 1¹m values between 2¡6¹m2, which is close to the values between
2¡10¹m2 reported for experiments [19]. Besides the length dependence, we also ob-
serve a dependency of `p on the non-aYnity: networks of stiVer filaments behave
more non-aYnely. This suggests that asymptotically, we recover the classical picture
of rubber elasticity (which does very well for long, flexible polymers but rather poorly
for semiflexible systems): as the persistence length decreases, the polymer configu-
rations become increasingly random (i.e., Gaussian) which is accompanied by a de-
crease in the non-aYnity. This is precisely the rubber limit: Gaussian polymers de-
forming aYnely. Note that these non-aYne deformations are the sole possible origin
of the large diVerence in stiVness between aYne and non-aYne deformations shown
above. Thus, even though the magnitude of the non-aYne deformations is small,
they do have an important eVect on the network response. This is a striking exam-
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Figure 2.10: Non-aYne behavior of the networks during shearing. a) The scaled over-
all non-aYnity A/r 2c at ° Æ 0 as a function of L/`c for diVerent persistence lengths:
`p/`c Æ 0.77 (²) and `p/`c Æ 15.7 (¤). Curves are drawn as a guide to the eye. b)
Ordering during shearing. Due to the limited number of segments and correlated
ordering of segments along filaments, the initial values for ! diVer slightly from zero.
However, for comparison, we set!0 Æ 0.0. The straight line indicates the ordering due
to aYne shearing. The dotted lines indicate the ordering during shearing in networks
with (from bottom to top) L/`c Æ 4.0, L/`c Æ 6.0 and L/`c Æ 12.0. c) Distribution of
angles with respect to the x-axis, both for an aYne deformation (dotted bars) and a
non-aYne deformation (straight bars) at °Æ 0.7. The curve is the analytic expression
for the angular distribution of an initially isotropic material at shear ° Æ 0.7. Inset
shows the sheared box, in which two crosslinks that are connected are indicated by
dots. Their end-to-end vector makes an angle Áwith the xˆ-axis.
2.3Mechanical response of the network 49
ple of the value of simulations in this field: microscopic structure and motion are of
crucial importance to properly understand the macroscopic behavior.
Apparently, the macroscopic result of the microscopic non-aYnity is to lower the
overall stiVness of the system. This suggests an interesting question: if the filaments
do not go to their aYne positions, where do they go? To begin to answer this, we
consider the orientational order of our networks and compute the nematic order pa-
rameter !, defined as
!Æ h3cos2µ¡1i/2. (2.16)
Here the average is taken over all vectors connecting crosslinks that are connected
by segments of filaments and µ is the angle between such a vector and the average
orientation. An isotropic network has !Æ 0, while a fully ordered network has !Æ 1.
Even when we shear a network aYnely, the order will increase from zero to one. To
appreciate the eVect non-aYnity has, we should therefore compare to the aYne or-
dering. This aYne ordering is represented by the solid line in figure 2.10b. The dotted
lines show the eVect of non-aYne reorientations on the ordering of the network, for
diVerent filament lengths. Interestingly, non-aYne reorientations tend to increase
the order in the network, a behavior independent of `p.
To get insight in the direction of the ordering, we plot the distribution of the an-
gle Á of the end-to-end vectors of segments with respect to the x-axis at ° Æ 0.7, as
shown in figure 2.10c. By comparing the distribution in a non-aYne network defor-
mation (straight bars) with the distribution of an aYne network deformation (dotted
bars) we see that the non-aYnity increases the number of segments oriented at a
small angle. To appreciate the diVerences in the two distributions, we plot the an-
alytic expression for the distribution of an initial isotropic medium that is sheared
aYnely. Interestingly, the maximum of P (Á) coincides with the maximal extensional
strain experienced as a function of angle. As the figure clearly shows, the additional
ordering is in the direction of maximal extensional strain. This might seem coun-
terintuitive - the order appears to be increasing in the direction of increasing fila-
ment extensional strain, which would be highly unfavorable from an energetic point
of view. However, one should keep inmind that non-aYnemotions are not purely ro-
tational: they may encompass additional and simultaneous overall shifts and exten-
sional/compressional components. When taking a closer look at figures 1.7 and 1.8
we see that this increased ordering in the direction of maximal shear is also present
in these small networks. It would be most interesting to see if this increased order is
also observed in experiments. Our simulations suggest that systems containing long
filaments are the best place to look for this eVect, even though these tend to display
lower overall non-aYnity.
So far, we have considered only the non-aYne motion of single points. The non-
aYnity correlation function is not only a function of strain, it may also be evaluated
for spatially separated points x and x0. To this end, we consider
±N (r )Æ h(~r ¡~raV)2ir /±°2, (2.17)
where~r is the actual vector between two crosslinks and~raV is the vector between the
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Figure 2.11: The correlation in non-aYne behavior. a) Correlation of non-aYne be-
havior of points at distance r , i.e. ±N (r /rc ) vs. r /rc at diVerent strains °. The curves
show respectively (from bottom to top): °Æ 0.0 (K ÆK0), °Æ 0.2 (K Æ 4.0K0), °Æ 0.25
(K Æ 7.6K0), °Æ 0.29 (K Æ 25K0) and °Æ 0.33 (K Æ 260K0). Here rc is the average dis-
tance between crosslinks. b) ±N (r ) for networks with diVerent `p/`c (straight line:
`p/`c Æ 0.77, stripe-dot-stripe line: `p/`c Æ 3.81 and striped line: `p/`c Æ 15.7). For
all networks, L/`c Æ 6. c) ±N (r ) for networks with diVerent L/`c, ranging from 20 to
4. All curves collapse except the curve for L/`c Æ 4 (stripe-dot-stripe line in brown).
For all networks, `p/`c Æ 15.7.
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crosslinks if they would have moved aYne during ±°. The average, now, runs over all
pairs of crosslinks whose separation is r .
As explained in reference [19], there are two limiting cases in the behavior of
±N (r ). If filaments would be stiV rods, the only way to adapt to strain would be by
rotating the whole filament. In that case, doubling r would double~r ¡~raV and thus
±N (r ) » r 2. In the other limiting case, segments along a filament behave totally un-
correlated, leading to ±N (r )» r 0. The latter is also the limit for r !1. However, the
net eVect of correlated motion of segments along a filament will be highly sensitive
to the actual network configuration.
Figure 2.11a shows ±N (r ) of a network at diVerent strains. Note that the larger
scatter for small values of r is due to the smaller number of pairs of crosslinks. As
can be seen, ±N (r ) varies with strain: low strains give a low initial value of ±N (r )
and a steep increase while high strains show just the opposite. This behavior is
strongly correlated to the stiVening behavior shown in figure 2.5a (upper line). The
observed strain-dependence of ±N (r ) is indiscernible when normalizing with re-
spect to ° rather than of ±°, which might explain why experiments report no strain-
dependence [19].
We observe a small but systematic dependence on `p, as shown in figure 2.11b.
Interestingly, thus far we hardly observe any length dependence of the correlation in
non-aYne behavior, which is shown in figure 2.11c for networks with `p/`c Æ 15.7.
For filaments with `p È `c, one would naively expect that the behavior of segments
along a filament will bemuchmore correlated than the behavior of segments belong-
ing to diVerent filaments. Thus, one might expect to find increasing spatial corre-
lations for systems composed of larger filaments. That we do not see this behavior
suggests that it is approximately balanced by another eVect: larger filaments have
more links to the rest of the system and are therefore more constrained. While the
individual segments along a single filament would like to line up, they become in-
creasingly unable to do so. Interestingly, the first experiments to measure ±N (r ) do
show a length dependence [19]. We cannot rule out that we will see this behavior at
larger system sizes, but for now are unable to reproduce it.
2.3.3 Collective rearrangements
A closer look at figure 2.5b reveals some outliers in the K vs. ° curve. These dis-
continuities in K are accompanied by an increase in A. This is not a glitch, but rather
reflects an interestingmicroscopic aspect of our networks. To understand this behav-
ior we look at the displacements of individual segments during shearing. Figure 2.12
shows a network in which the thickness of the segments indicates their displacement
during a strain increment of 0.2%. Herewe seewhat happens: during such a strain in-
crement, a significant fraction of the segments has a relatively large incremental dis-
placement in comparison with the average displacement of segments during shear
increments.
The noteworthy feature is not so much that there are large displacements, but
rather that these displacements are localized and occur in correlated fashion. This is
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Figure 2.12: Illustration of the collective reorientations in one of our networks with
`p/`c Æ 15.7 and L/`c Æ 6 during deformation at respectively (from top to bottom)
°Æ 0.268, °Æ 0.270 and °Æ 0.272. The thickness of the segments indicates the size of
their displacement. The modulus K belonging to the deformation of this network is
shown as the upper curve in the inset in figure 2.5a.
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reminiscent of the behavior of so-called collectively rearranging regions, observed in
simulation and experiment in glassy systems and colloidal suspensions. These events
are rare over the time courses that we have simulated, butmay turn out to play an im-
portant role in the long-time behavior of thesematerials. It would bemost interesting
to check whether these events are also seen in experiments - while these may not be
able to resolve the blip in K theymight be able to register the accompanying peaks in
A. The weight in determining A of a reorientation of a certain size decreases with in-
creasing °, since Ameasures the total non-aYnity relative to the total shear. This im-
plies that for small shears, reorientations might induce huge peaks in A, while these
peaks are absent for larger shears even though the reorientations are still present.
2.4 Conclusions
Wehave presented a newmethod to generate and deform 3Dnetworks of biopolymer
filaments. By an adequate choice of energies both the entropic stiVness of individual
segments as well as the persistence of filaments through crosslinks can be taken into
account. By a Monte Carlo thermalization the networks find a local minimum, with-
out further interference from our side.
This method enables us to relate the macroscopic network response to micro-
scopic behavior of individual segments and crosslinks, both at small and large strains.
Although a quantitative comparison between experiments and our simulations is
hard to obtain, the first results from these simulations agree well with experiments.
Both the stiVening during shearing and the length-dependency of the non-aYnity
are as expected and fit well into the general framework of the behavior of semiflexible
polymers. Besides, the stress-dependence of the stiVness for large shears is the same
as experiments have shown. This confirms that our model captures the right features
that decide the network behavior.
Our model proves and excellent tool to compare aYne deformations with defor-
mations that allow for non-aYne displacements. We have shown that non-aYne dis-
placements have a large influence on the stiVness of a network and the onset of stiV-
ening. This accounts for the important role of filament length. Besides, the accuracy
of analysis of the behavior of the filaments during deformation reveals some surpris-
ing results that are hard to obtain by experimental analysis. Thus far unobserved, the
non-aYnity increases the order in the networks.
Thus far we have only considered networks of a single type of filaments. Both in
cells and in the extracellularmatrix, the important load-bearing biopolymer networks
aremade up of diVerent kinds of filaments: vessel walls are composed of collagen and
elastin, and the cytoskeleton too is a composite system containing f-actin, interme-
diate filaments and microtubules. This method is a promising tool to explore the
behavior of such composite networks under strain, as we will show in the following
chapter.
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Chapt er 3
Deformation of composite networks
Inspired by the ubiquity of composite filamentous networks in nature we inves-
tigate models of biopolymer networks that consist of interconnected floppy and
stiV filaments. Numerical simulations carried out in three dimensions allow us to
explore the microscopic partitioning of stresses and strains between the stiV and
floppy fractions cs and cf, and reveal a non-trivial relationship between the me-
chanical behavior and the relative fraction of stiV polymer: when there are few stiV
polymers, non-percolated stiV “inclusions“ are protected from large deformations
by an encompassing floppymatrix, while at higher fractions of stiVmaterial the stiV
network is independently percolated and dominates the mechanical response.
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3.1 Introduction
The basic design of most structural biological materials is that of a crosslinkedmesh-
work of semiflexible protein polymers. As discussed in chapter 1, the mechanical
properties of these biomaterials are biologically highly significant [44, 45]. Under-
standing these properties at the bulk or continuous level is not suYcient: biological
entities like cells, motor- and sensing proteins experience, manipulate and interact
with these polymer networks at single-filament lengthscales and are therefore inti-
mately aware of the discrete nature of these materials. Another complication arises
when considering that most structural biomaterials are in fact composites: bi- or
polydisperse mixtures of diVerent protein polymers. The extracellular matrix (ECM)
consists of a mixture of stiV collagen and flexible elastin filament (bundles), and the
relative abundance of these two greatly aVects mechanical properties [46]. A more
specific example that derivesmuchof its biological function from the side-by-side de-
ployment of mechanically vastly diVerent filaments is articular cartilage - a complex,
partially orded composite containing type-II collagen and proteoglycans as its main
structural components [47]. Composite physics may be at play in single-component
networks: coexistent and interlinked single fibers and fiber bundles determine the
mechanical properties of actin gels and actin-filamin networks [48,49]. The interplay
between stiV and floppy elements goes far beyond simple property mixing: The net-
work of relatively floppy f-actin and intermediate filaments is believed to be nonlin-
early stiVened by the rigid microtubules, and experiments have hinted at significant
tensional forces in the cellular actin [50, 51]. The cell cytoskeleton, that is built up
from microtubules, actin filaments and intermediate filaments, is yet another strik-
ing example of a composite network.
Significant eVort has been devoted to model systems of homogeneous and
isotropic single-component networks of biopolymers, such as f-actin and colla-
gen [15,16,27,34–36,52–54]. We explained in the introductory chapter that the single
filaments that constitute these networks can be described by the semiflexible worm-
like chain force-extension curve, where extension requires that thermal fluctuations
of the filaments be suppressed leading to a steep and nonlinear increase in the force.
Compression requires considerably smaller forces that become constant in the Eu-
ler buckling limit [15, 27]. Networks of such filaments show highly nonlinear strain-
stiVening and negative normal forces under shear [16,52,55]. Recent theoretical stud-
ies and simulations have also underlined the importance of non-aYne bending de-
formations in these networks [34–36, 54], see also chapter 2. Models applying a sim-
ilar method to composite biomaterials have only recently begun to emerge [56, 57]
and have focused on bulk behavior.
In this chapter, we report the results of a series of numerical experiments of two-
component networks of biopolymers to determine the relationship between compo-
sition and mechanical properties, both on the single-filament as well as on the bulk
level. Furthermore, we compare our results to a theoretical model.
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Figure 3.1: Illustration of a composite networks with a fraction cs Æ 0.23 of stiV fil-
aments. The dark, thick beams indicate stiV filaments, the purply, thin beams are
floppy filaments. All filaments are connected and form one network.
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3.2 Setup of the numerical simulations
We slightly alter the generationmethod presented in chapter 2 to generate composite
networks. Our networks consist of long filaments that are permanently crosslinked.
These crosslinks force a binary bond between two filaments, without angular prefer-
ences. The filaments are described by the semiflexible wormlike chainmodel [15,27].
Starting from a random, isotropic network consisting of crosslinks and segments, we
apply a large number of Monte Carlo moves which alter the network topology such
that filaments with a persistent directionality along segments are formed. At this
point, we designate filaments to be either stiV or floppy by assigning to each seg-
ment a persistence length and an equilibriumbackbone length. We then further relax
the configuration by applying new Monte Carlo moves. All our networks have peri-
odic boundary conditions and contain 1,000 crosslinks. Their lateral sizes are deter-
mined by the condition of zero pressure. Our networks are characterized by the fol-
lowing set of parameters: the persistence length `p of the stiV filaments, the stiVness
ratio Rp Æ `p/`p,floppy, the average filament length L, the average distance between
crosslinks along a polymer’s backbone `c and finally the relative fraction of stiV fila-
ments cs. In this chapter, we examine the cs-dependence of themechanical behavior.
We restrict ourselves to a biologically relevant region of parameter space: the per-
sistence length `p,floppy of the floppy filaments and the crosslink distance `c are of
comparable magnitude. On average, each filament is crosslinked six times (L Æ 6`c).
The ratio of the persistence lengths of stiV and floppy filaments Rp is chosen to be
16 or 64. While this ratio is smaller than that for collagen/elastin (Rp ¼ 100) [46] or
microtubules/f-actin (Rp È 200) [58], it is large enough to capture the qualitative be-
havior of such composite networks. Unless otherwise stated, all data shown represent
the averages of nine network realizations.
3.3 Results
Our key findings are summarized in Figs. 3.2 and 3.3. In figure 3.2 we plot a 50/50
composite: rather than averaged, the mechanical behavior is bimodal – approach-
ing the fully floppy system at low strains but, at finite strains, resembling the fully
stiV network. We stress that this type of response can only be achieved in a compos-
ite. Even the linear behavior does not interpolate simply between stiV and floppy:
figure 3.3a shows that at low to intermediate cs, the modulus is quite insensitive to
cs, but rises very quickly at higher cs. Figure 3.3b, finally, reinforces the point of fig-
ure 3.2: although the eVects of adding stiV polymer are hardly noticeable in the linear
elastic behavior, their eVect on the nonlinear behavior is felt much earlier. The criti-
cal strain (°c ) for the onset of the nonlinear regime reacts immediately to the addition
of stiVmaterial, but saturates at a point roughly coincident with the rise of the linear
modulus.
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Figure 3.2: Macroscopic properties of the networks as a function of the fraction cs of
stiV filaments in a network. Shear modulus K as a function of shear °, normalized
by the initial shear modulus K0, f of single-component networks of floppy filaments.
The diVerent curves represent the stiVness of networks with cs Æ 0.0,0.56,1.0 (from
bottom to top), at a fixed persistence length ratio Rp Æ 16. Some data points (Ç 1%)
lie well outside the curve; these are indicated by the symbols. These outliers occur
due to local reorientations, see section 2.3.3.
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Figure 3.3: Macroscopic properties of the networks as a function of the fraction
cs of stiV filaments in a network. (a) The normalized initial shear modulus as a
function of cs , for networks with Rp Æ 64 and 16. For comparison, we also plot
curves corresponding to a linear scaling of the shear modulus with cs , given by
K0(cs) Æ csK0,s Å (1¡ cs)K0, f , and a linear scaling of the compliance with cs , given
by 1/K0(cs)Æ cs/K0,sÅ(1¡cs)/K0, f . (b) Critical shear °c , defined as the shear at which
the shear modulus is twice the initial shear modulus, as a function of cs . The curve is
drawn as a guide to the eye.
3.3.1 Composites at low fraction of stiV filaments
The qualitative picture that emerges at small cs is one of a floppy matrix encompass-
ing isolated stiV filaments, or non-percolated clusters. Intuitively, the initial insensi-
tivity of the linearmodulusK0 to the addition of stiVmaterialmakes sense: deforming
the stiV filaments requires higher energies than deforming the softer elements, and
therefore the low-energymodes of the system favor straining the floppy elements over
the stiV ones. As long as stiV filaments do not form an independently load-bearing
subnetwork, these low-energy modes exist and are compatible with the bulk defor-
mation.
This interpretation is confirmed by an examination of the microscopic deforma-
tion field, characterized by the non-aYnity parameter A Æ hjxaV¡xj2i/°2 (figure 3.4a).
This parameter quantifies the deviation of the local deformations, x, from a homoge-
neous aYne deformation field, xaV. As shown in chapter 2 and in experiments [20],
the non-aYnity generally increases with increased stiVness of the filaments, as bend-
ing deformations are more important for the network response of stiVer filaments.
Indeed we find that the non-aYnity is minimal for purely floppy networks and rises
roughly linearly with the addition of stiVmaterial. Such a linear increase represents
the generic behavior of low-density (stiV) inclusions that independently perturb the
deformation field of their surrounding (floppy) matrix [59]. These additional non-
aYne deformations bring the floppy filaments closer to the nonlinear part of their
force-extension relation, giving rise to the decrease of the critical strain °c as dis-
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Figure 3.4: (a) The non-aYnity at zero shear, divided by the initial non-aYnity of a
network with cs Æ 0. The curves are drawn as guides to the eye. (b) Average forces
in the floppy and stiV filaments during deformation, shown by the solid and dot-
ted curves, respectively. The black curves represent the average force of a network
with cs Æ 0.56 during shear. For comparison, we plot the average forces in single-
component networks, cs Æ 1.0 and cs Æ 0.0 (grey curves). As indicated by the arrows,
the curves for the average forces in the composite networks are shifted along ° with
respect to the curves for the single-component network.
played in figure 3.3b.
In the nonlinear regime the inherent stiVening of a single semiflexible polymer
makes the distinction between floppy and stiV fractions highly strain-dependent,
with the ratio of their nonlinear moduli tending to unity in the high strain limit. This
suggests a self-matching behavior at finite strain: the floppy network stiVens up to
the point where its modulus matches that of the stiV network. Beyond this point, the
entire meshwork behaves as a nearly monodisperse system of stiV filaments. This
eVect is the origin of the behavior in figure 3.2: at high strains, the entire system is
ultimately forced to couple to the stiVer deformation modes.
Thismechanism of stiVnessmatching is illustrated in figure 3.4b which shows the
average forces in the stiV and floppy filaments during deformation. By comparing
with the one-component networks (grey lines) we can define a strain shift ±°: For
given network strain °, the filaments in the composite behave as if they were strained
up to °Å±°. Apparently, the eVective strain on the floppy filaments is much larger
than that on the stiV filaments. Equivalently, high forces in stiV filaments are sup-
pressed, at the cost of increased forces in floppy filaments.
Interestingly, this load-partitioning persists even at zero strain, where stiV fil-
aments are, on average, compressed while floppy filaments are stretched out.
This stretched/compressed ground state is tantalizingly reminiscent of tensegrity
states [50,60]. Apparently, dense crosslinking restricts relaxation of the network, and
the absolute minimum of mechanical energy cannot be attained. There is, there-
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fore, always a finite amount of residual elastic energy. This suggests that such force
distributions may not be a deliberate design principle but rather are the necessary
byproduct of polydispersity in filamentous composites.
3.3.2 Percolation
The picture of a floppy matrix embedding stiVer inclusions breaks down when the
stiV filaments become independently rigidity percolated: the point where defor-
mation of the stiV elements becomes inevitable. We may estimate the percolation
threshold by a counting argument [61]. Equating the number of degrees of freedom
of the stiV filaments to the number of constraints due to crosslinks between stiV fil-
aments gives (for L/`c Æ 6) a threshold cs Æ 0.56. This marks the transition from the
low to the high cs regime and coincides roughly with the rise in the linearmodulus K0
(figure 3.3a). Two separate obervations confirm the onset of stiV dominance: Firstly,
cs Æ 0.56 is the point at which the non-aYnity, which we attribute to the floppy ma-
trix attempting to work around the stiV fraction, begins to plateau at the level of the
bending dominated response of a purely stiV network. Secondly, the critical strain °c
levels oV around this same value of cs. In the range of stiVness ratios (Rp ) accessi-
ble to the simulations the percolation is rather “soft” and represents a smooth cross-
over phenomenon. The approach towards the singular percolation limit, Rp Æ1, has
for example been studied in simulations of mixed random resistor networks [62]. To
address the analogous problem we compare our results with theoretical considera-
tions, in which the parameter Rp can be tuned to arbitrarily large values. The “floppy-
mode” theory [36] has recently been shown to capture quite well the elasticity in one-
component isotropic [24,63,64] as well as anisotropic networks [65]. Within this the-
oretical framework the calculation of the network elastic modulus is reduced to the
description of a “test” filament in an array of pinning sites. The coupling strength
to these sites, k, represents the elastic modulus of the network and has to be calcu-
lated self-consistently. To generalize this model to the case of composite networks
we use two diVerent test chains with coupling parameters k f and ks , representing
floppy and stiV filaments, respectively, see [66] for details of the calculation. The use
of two diVerent coupling strengths quite naturally takes into account the load parti-
tioning encountered in the simulations. The network modulus, k Æ csks Å (1¡ cs)k f ,
is obtained by solving the two equations
k f /s '
*
min
y
Ã
W f /sb
£
y(s)
¤Å 1
2
nX
iÆ1
k®i
¡
y(si )¡ y¯i
¢2!+ , (3.1)
where k®i Æ ks ,k f with probability cs and 1¡ cs , respectively. The two energy con-
tributions on the rhs of equation (3.1) reflect the competition between the bending
energy of the (floppy or stiV) filament, W f /sb , and the energy due to deformation of
the surrounding medium by displacing the pinning sites (located at arclength po-
sition si along the filament). The nonlinear entropic stretching elasticity is not in-
cluded in these equations. The minimization is to be performed over the contour of
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Figure 3.5: The scaled initial stiVness as a function of cs , obtained by the floppy-mode
model for Rp Æ 16,64,1000,1 (from top to bottom). For comparison, the data from
simulations are given by the symbols.
the filament, y(s), the angular brackets specify the disorder average over the network
structure.
Figure 3.5 displays the results from this calculation for various stiVness ratios Rp ,
showing a sharp percolation transition in the limit Rp !1. The model compares
well with the simulation data, even though the entropic stretching elasticity is not ac-
counted for. This indicates that bending is likely the dominant factor in determining
the rise of the linear elastic modulus, in agreement with the proposed mechanism of
load-partitioning and the observed increase of the non-aYnity.
3.4 Conclusions
In conclusion, our results demonstrate that the mechanical behavior of filamentous
composites is considerably richer than the simple proportional mixing of properties.
The fact that the floppy and stiV networks are physically linked causes a strongly non-
linear coupling between the strain fields which deeply aVects composite mechan-
ics. This may explain the ubiquity of composites in structural biological applications:
slight variations in composition cause large changes in mechanical behavior. This
high susceptibility makes the composite architecture an attractive motif for biologi-
cal regulation. Likewise, the “best of both worlds“ aspectmay be exploited by Nature:
composites combine the initial softness of their most compliant components with
the ultimate toughness of the stiVest elements. This greatly enhances the stiVness
range of nonlinearly elastic materials. Moreover, composites do so in a manner that
could never be attained in monodisperse materials, since linear and nonlinear prop-
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erties of composites are determined by two physically diVerent materials and there-
foremay be independently varied. This possibility of independently tuning the linear
and nonlinear behavior also has considerable potential for the design of biomimetic
or bio-inspired synthetic materials and deserves further exploration.
While exploring the physics of composite networks, we are faced with the fact
that internal stresses, percolation and floppy modes are important for the character-
ization of our networks. This raises questions on the presence and impact of internal
stresses in networks, the ridigly percolation transition and the occurence and char-
acteristics of floppy modes. In the next chapter we will therefore return to single-
component networks and adress these issues.
Chapt er 4
Internal stresses, normal modes and
non-affinity of networks
We numerically investigate deformations and normal modes of three-dimensional
networks of semiflexible biopolymers as a function of average crosslink coordina-
tion number z and relative strength of bending and stretching energies. Our net-
works consist of filaments that in equilibrium are in a state of internal stress, and
they exhibit shear rigidity below the Maxwell isostatic point. In contrast to two-
dimensional networks, ours exhibit nonaYne bending-dominated response in all
rigid states, including those approaching the maximum of z Æ 4 as long as bending
energies are smaller than stretching ones.
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4.1 Introduction
As discussed in introductory chapter, networks of semiflexible biopolymers [4, 7, 16,
67] are important for determining and controlling the mechanical properties of eu-
karyotic cells. Understanding their properties, in particular the relation betweenme-
chanical response and network architecture, has been a major goal of biophysics re-
search. Networks of semiflexible biopolymers consist of long filaments of average
length L linked two at a time by crosslinks so that each is connected to at most four
others [15, 27, 32, 35, 68]. The crosslinks we consider, which we will refer to as nodes,
allow free rotations of filaments relative to each other. They divide the filaments into
a series of segments, of average length `c, that give rise to a central force between
nodes determined by the force-extension curve of a semiflexible polymer. In addi-
tion, bending forces favor parallel alignment of contiguous segments on the same fil-
amentmeeting at a common node. As shown in chapter 2, themechanical properties
of networks of semiflexible biopolymers depend on their connectivity, parameterized
by the average coordination number z of their nodes or by the ratio L/`c, on their in-
teraction parameters, and on their architecture.
Networks of semiflexible polymers have much in common with those that occur
in network glasses [69–71]. They are both continuous random networks [72]; they
both have nodes withmaximum coordination number 4; and they are both stabilized
below the central-force rigidity threshold by bending forces, between all bonds in the
latter but only between segments in the same filament in the former. Careful mode
counting and study of the mode structure of network glasses [69–71] and other ran-
dom systems such as hard spheres near the jamming transition [73–75] have provided
fundamental insight into the physics of these systems. They have also been used in
the study of two dimensional networks of semiflexible biopolymers [23, 36]. In this
chapter, we undertake a similar study of simulated three-dimensional networks of
semiflexible biopolymers [54] as a function of their connectivity and interaction pa-
rameters, and we analyze the zero-frequency shear modulus and the mode structure
as a function of these parameters.
4.2 Maxwell counting
A system of nodes and links in d dimensions has a trivial set of zero-frequency
modes of rigid translations and rotations. If the system has additional internal zero-
frequency “floppy" modes [70], it is mechanically unstable, though it is often stable
with respect to macroscopic stress. As Maxwell [76] first showed, in an unstressed
system a global estimate of the number of floppy modes N0 can be calculated by
subtracting the number of constraints Nc from the number of degrees of freedom,
N0 Æ dN ¡Nc (neglecting the sub-extensive trivial zero modes), where N is the num-
ber of nodes. In the following we consider the forces as constraints. We define Nk
as the number of nodes on filament k and NF as the number of filaments, and in
our simulations we explicitly remove all disconnected clusters and all filaments with
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Nk Æ 0 and Nk Æ 1. Each node is shared by exactly two filaments, and N Æ 12
P
Nk . In
our system, each of the Nk ¡1 segments on a filament provides one constraint for a
total of Ns ÆPkÈ1(Nk ¡1) Æ 2N ¡NF compressional constraints. Because segments
on a single filament that meet at a common node are not parallel in our system, each
of the Nk ¡2 nodes on filament k not connected to a dangling end contributes a sin-
gle constraint for a total of Nb Æ
P
kÈ1(Nk ¡2)Æ 2N ¡2NF bending constraints. Thus,
N0 Æ dN ¡Ns ¡Nb Æ 3NF ¡ (4¡d)N . We define the average coordination z ´ 2Ns/N .
Then NF /N Æ 2¡ (z/2), N0 ÆN [2Åd ¡ (3/2)z], and the critical coordination number
below which floppy modes first appears is zc Æ (2/3)(2Åd). In 2d zc Æ 8/3, and in
3d , zc Æ 10/3, a value that, as expected, is greater than the value 12/5 in 3d network
glasses [70]. It is common practice to characterize networks of semiflexible biopoly-
mers by L/`c rather than by z. In our case, dangling ends each contribute an average
of `c/2 to the length of a segment. Thus L/`c is equal to the number of nodes per
polymer,
P
k Nk/NF Æ 2N/NF Æ (1¡ 14 z)¡1, and (L/`c)c Æ 6 in 3d .
4.3 Networkmodel
As explained in the former chapters, we do not represent all monomers explicitly but
rather integrate out all degrees of freedom of the polymers between nodes. Since we
consider the small-strain behavior of the filaments, we use the linear approximation
to the nonlinear force-extension curve of semiflexible polymers, instead of the full
nonlinear force-extension curve presented in chapter 2. Our Hamiltonian is thus a
sum over all segment free energies and over all bending energies of pairs of segments
that are connected along a filament, resulting in:
E
kBT
ÆX
i
`2p
`4c,i
(ri ¡ r0,i )2Å¯
X
i , j
`p
`c,iÅ`c,j
µ2i , j , (4.1)
where `p is the persistence length of the filaments, `c,i, ri and r0,i are respectively
the polymer length, the end-to-end length and the equilibrium end-to-end length of
segment i , and µi , j is the angle between segment i and j .
We construct our networks via a Monte Carlo relaxation process. We start with a
random, isotropic network that can be considered as a single filament that crosses
itself one thousand times [54]. After a large number of Monte Carlo moves that al-
ter the topology of the network, we cut segments of this filament, until we obtain an
average filament length L. In the work presented in chapter 2 we designate a poly-
mer lengths to each segment that is drawn from the corresponding distribution for
the WLC with the desired persistence length. Here, we assign a polymer length `sc to
each segment such that the equilibrium end-to-end length of each segment is equal
to the actual distance between the nodes they connect, and we do not apply length-
changing Monte Carlo moves as illustrated in figure 2.3c. After generation, the net-
work is in equilibrium, but the filaments are slightly bent - µi , j 6Æ 0 - and, as a result,
there are internal stresses in the system. For all networks, during generation we keep
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lc ÆPs l sc/Ns , lp and ¯ fixed, such that lp/lc ¼ 16 and ¯Æ 1.0. lp is a measure for the
relative stiVness of bending versus stretching. In order to isolate the eVects of bend-
ing and stretching without altering the network structure and contour lengths, we
vary ¯. We could, however, vary lp at constant lc to produce the same eVect. Letting
lp ! ¯¡1l0p , where l0p is the value of lp at ¯Æ 1 reproduces Eq. (4.1) with energy mea-
sured in unit of ¯2kBT . Thus with l0p/lc Æ 16, ¯Æ 10.0 coincides with lp/lc Æ 1.6 and
¯Æ 0.1with lp/lc Æ 160. In additionwe vary L - and thus the average number of nodes
per filament L/lc - by changing the number of segments we cut. Finally we focus on
an experimentally relevant parameter space, with networks with on average 4, 5, 6, 8,
12 and 20 nodes per filament or equivalently with coordination number z Æ 3.0, 3.2,
3.33, 3.5, 3.66 and 3.8. In real-life networks, typical ratios between lp and lc coincide
with values of ¯ ranging from 0.05 (e.g. cortical actin networks [77]) to 10 (e.g. fibrin
networks [15]); here we take values of ¯ ranging from 0.0001 to 10. All data shown are
averages over nine network realizations.
We calculate the dynamical matrix from the harmonic expansion of the energy
about its force-free equilibrium state and use commercially available routines to find
the eigenvalues and eigenmodes of the system, neglecting any damping eVects aris-
ing in particular from interactions with a surrounding fluid, see also section 1.6.3.
Figure 4.1 graphically represents some localized and delocalized eigenmodes.
4.4 Maxwell counting in our networks
To investigate the Maxwell mode counting in our networks, we remove the internal
stresses by subtracting the zero strain angle, µi , j ,0, between two segments from the
actual angle µi , j in our Hamiltonian. We then count the number of zero modes by
calculating the dimension of the null space of the dynamicalmatrix, andwe verify the
relation N0 ÆN [5¡ 32 z]. We verify the stretching relation, Ns Æ
P
(Nk¡1), by explicitly
counting the number of finite-frequency modes for networks with ¯Æ 0, and thus no
bending constraints. We also verify that Nb Æ
P
k (Nk ¡ 2) by varying the number of
nodes with non-zero bendingmodulus ¯. When internal stresses are turned back on,
the floppymodes are tightened, and there are only finite-frequencymodes for all z (¸
3.0) and all ¯È 0. Also the lengthening of a single segment in the unstressed samples
generates stress in a finite fraction of the segments and elevates floppymodes to finite
frequency a full 10% below the Maxwell threshold. This is comparable to the rigid
“stressed" state of network glasses, that exists for z just below the Maxwell threshold
of 2.4 [71].
4.5 Shear response
We calculate the relaxed shear modulus G 0 for networks with and without internal
stresses and for a range of z and ¯ by deforming the network by a small shear in-
crement and minimizing the elastic energy after each shear increment. Figure 4.2
4.5 Shear response 69
Figure 4.1: Graphical representations of some of the eigenmodes of one our network.
The eigenmodes for (a) ! Æ 27, P¡1 Æ 0.51, (b) ! Æ 4.6, P¡1 Æ 0.02, (c) ! Æ 2.9, P¡1 Æ
0.0057, (d) ! Æ 1.4, P¡1 Æ 0.0029, (e) ! Æ 0.5, P¡1 Æ 0.0053 and (f) ! Æ 0.07, P¡1 Æ
0.67 are respectively shown. Here, ! is the eigenfrequency and P¡1 is the inverse
participation ratio (see the discussion of figure 4.3). All filaments in the networks are
shown. Large deformations are indicated by the thick and dark beams.
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summarizes our results. For all values of ¯, G 0(z) is a monotonic increasing function
of z, reaching its lowest but non-zero value at z Æ 3.0, the smallest values in our sim-
ulations. As shown by the dotted curve in the inset of figure 4.2, in the unstressed
networks, G 0 is zero to within the accuracy of our simulations for z Ç zc and devel-
ops a nonzero value in the vicinity of the Maxwell value of z Æ zc , growing approxi-
mately as a power law for z È zc , though we cannot rule out a first-order transition.
In the stressed state our data is consistent with a second-order rigidity threshold at
z Æ zp ¼ 2.7Ç 3.0, though again, we cannot rule out a first-order transition. For all ¯,
log(G 0/¯) grows linearly with log(z ¡ zp ), where the slope is around 2.7 for ¯ Æ 10¡4,
10¡2 and 10¡1 and then decreases with ¯ to a value around 1.1 at ¯Æ 10. The fact that
the slope depends upon ¯ is not surprising, since for large ¯, we expect the defor-
mation to be dominated by (aYne) stretching of the segments, the number of which
linearly increases with z, leading to a slope of 1. At small ¯, response to shear occurs
preferentially through bending rather than stretchingmodes, andG 0 ismore sensitive
to changes in z , as reflected in the larger value of the slope. For the smallest values of
¯,G 0 becomes approximately linear in ¯ for all values of z, which again demonstrates
that bending dominates the deformation, as is the case in glasses [78].
There are many examples of structures in which external stresses can remove
floppy modes. Here we show that internal stresses can have a similar eVect, remi-
niscent of tensegrity structures, in which rigidity can be achieved below the Maxwell
threshold by stressed cables and compressed struts in carefully designed configu-
rations [79, 80]. In contrast to these configurations, our networks are random, and
rigidity is a consequence of competition between stretching and bending rather than
between stretching and compression. If the network has a structure in which fil-
aments can support self-stress, a modified Maxwell rule N0 Æ dN ¡Nc Å S, where
S is the number of states of self-stress [81] or, equivalently, the number of redun-
dant bonds [82,83], applies to the stressless state. Thus, even though global Maxwell
counting would indicate the contrary, biopolymer networks with internal stresses
may not have floppy modes and may support shear below the stressless Maxwell
rigidity threshold.
Network geometry, co-ordination number, and spatial dimension are all impor-
tant to the determination of macroscopic elastic response. Two-dimensional lattices
with z Æ 4, such as the kagome lattice and the L/`c ! 1 limit of the Mikado lat-
tice formed by the randomly depositing rods on a plane, are isostatic with respect
to stretch, and they both exhibit aYne response with non-zero shear and bulk mod-
uli that are independent of ¯. The transition from non-aYne bending-dominated to
nearly aYne stretching-dominated response observed in diluted Mikado lattices in
references [32, 68, 84] is thus not surprising. Three-dimensional systems with z Æ 4
are sub-isostatic with respect to stretch, and one might expect that bending forces
are required for stabilization against shear. This is indeed the case for the z Æ 4 di-
amond lattice, none of whose bond-angles are zero (i.e., all filaments are straight),
whose shearmodulus vanishes linearlywith¯ [78]. On the other hand, a recently con-
structed 3d generalization of the kagome lattice consisting of infinitely long straight
filaments with crosslink coordination of exactly four provides a counter example to
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Figure 4.2: Double logorithmic plot of G 0/¯ in networks with prestress as a function
of z ¡ zp for diVerent values of ¯. Datapoints are from simulation, most errorbars
are smaller than the size of the symbols. The slope of the datapoints ranges from
2.7 upper, overlapping datapoints for ¯ Æ 0.0001 and ¯ Æ 0.001, 2.6 (¯ Æ 0.01), 2.1
(¯Æ 0.1), 1.5 (¯Æ 1.0) and 1.1 (¯Æ 10.0, lower points). A value of G 0 Æ 1 corresponds
to an elastic modulus of ¼ 10 mPa for an actin network with a concentration f-actin
of ¼ 0.05 mg/ml. Inset shows G 0/G 0aV as a function of z, for ¯ Æ 1.0 (upper curve)
and ¯ Æ 0.001 (lower curve). Dotted curve shows data from unstressed network, for
¯Æ 1.0.
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his behavior [85]. Because all its filaments are straight it has a persistent triangu-
lar motif, all of it elastic moduli are nonzero when ¯ Æ 0. As is the case in most
biopolymer networks and in the diamond lattice, the filaments in our network are
not straight, so we expect behavior closer to that of the diamond lattice than the to
that of the straight-filament 3d lattice with nonaYne bending dominated response
and a shear modulus that vanishes with ¯ even in the limit z! 4. Though our simu-
lations do not reach suYciently close to z Æ 4 to unambiguously determine behavior
at z Æ 4, they provide strong evidence that this expectation is fulfilled. As the inset in
figure 4.2 shows, it is highly improbable that the aYne limit, G 0/G 0aV Æ 1, is reached
for small ¯. Instead, we find that G 0 / ¯ for the smallest values of ¯ in figure 4.2,
implying thatG 0/G 0aV vanishes with vanishing ¯.
4.6 Mode analysis
To deepen our understanding of the network response of the stressed networks, we
now turn to themode structure of these networks. The density of statesD(!) and the
inverse participation ratio [75],
P¡1(!)Æ
PN
iÆ1 jei! ¢ei! j2
jPNiÆ1 ei! ¢ei! j2 , (4.2)
which provides a measure of the the degree of localization of the eigenmodes, are
plotted in figure 4.3. In equation (4.2), ei! is the polarization vector of node i in the
mode !. The value for P¡1(!) will be 1.0 if the mode displaces one node, 0.5 if the
mode displaces two nodes, and it will be 1/N for the translational zero modes that
are linear transformations of the whole network. The data in figure 4.3 are averaged
over narrow bins of frequency. The reduced frequency ! corresponds to physical fre-
quencies e! ¼ 106! s¡1 for actin (`p Æ 16¹m and `c Æ 1¹m) and e! ¼ 105! s¡1 for
fibrin bundles (`p Æ 33¹m and `c Æ 2¹m, as analyzed in [86]). These frequencies will
decrease if the viscosity of the surrounding fluid is included.
Figure 4.3a shows the density of states, D(!) as a function of log! with logarith-
mic binning for ¯ Æ 0.0001,0.01, and 1.0 at z Æ 3.33. For ¯ Æ 0.01 and ¯ Æ 0.0001,
there is a peak in D(!) at ! ¼ 2 that corresponds to stretching modes. Its total area
for ¯ Æ 0.0001 is equal to the number of stretching constraints, 2N ¡NF or equiva-
lently to the number of non-vanishing modes at ¯ Æ 0. With increasing z, the area
under the right peak increases, as we would expect from the increase in the num-
ber of stretching constraints (data not shown). There is a second peak at smaller !
that moves to the left as ¯ decreases. We verified that the total area under this peak
is N 0b Æ N0ÅNb , where N0 is the number of zero modes of the unstressed network,
andNb is the number of bending constraints. Where possible, shear deformation will
take place via these soft bending modes. As we have seen, G » ¯ for small ¯, which
implies that this is indeed the case. Again, we average over narrow bins of frequency
with fixed logarithmic width to obtain P¡1(log !), which is plotted in figure 4.3b for
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¯ Æ 0.0001. Interestingly, both bending and stretching modes can be localized and
delocalized.
Figures 4.3c and 4.3d plot D(!) and P¡1(!) for diVerent values of z and ¯ Æ 1.0.
The broad distribution in P¡1 reflects the randomness in our system. Clearly the
number of soft, low-frequency modes increases with decreasing z, and these modes
are less extended. At low z, the filaments are less constrained in the networks, leading
to an increase in soft deformation modes in the networks; in this limit, movement of
a single segment will lead to a less extended deformation field. This is reflected in the
increase of P¡1 when decreasing z. We verified that the Debye scaling is approached
and the frequency at which this scaling starts decreases for decreasing z. For z Æ 3.0
and z Æ 3.2 we do not find a peak in D(!) at !Æ 0, which is consistent with the given
analysis that internal stresses can remove floppy modes for z Ç zc .
4.7 Conclusions
Our results show that networks with internal stress violate stressless Maxwell count-
ing and exhibit rigidity and no floppy modes below the Maxwell isostatic threshold.
This can be relevant for in vivo biopolymer networks, that might have large internal
stresses which increase the stiVnesses of the cells [7]. As ¯! 0, there is a clean sepa-
ration between low-frequency bendingmodes and high-frequency stretchingmodes.
As is the case in most real life biopolymer networks but contrary to that of most
biopolymer networks studied analytically and in simulations, our networks consist
of bent filaments. Our simulations show that it is highly improbable for this class
of networks that the aYne limit is reached for z approaching 4 at small ¯. Instead,
the networks deform via low-frequency bending modes. Further investigation of this
model, including a more thorough comparison with network glasses and a pebble-
game analysis [82] to locate the critical point and to determine its order, would clearly
be interesting.
As mentioned in section 4.3, thus far we neglect any damping eVects arising in
particular from interactions with a surrounding fluid. Real life biopolymer networks
are always surrounded by a fluid. In the following chapter we expand our model and
incorporate the thermal motion and the viscous drag experienced by the filaments in
the networks. This method allows us to calculate the frequency-dependence of the
network response.
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Figure 4.3: a) The logarithm of the density of states, for ¯Æ 1.0 (solid curve), ¯Æ 0.01
(black dotted) and ¯Æ 0.0001 (grey dotted) for networks with z Æ 3.33. Note that the
right peak of the latter two curves overlaps, and the left peak is shifted. b) The inverse
participation ratio for ¯ Æ 0.0001, again for z Æ 3.33. c) The density of states and d)
the inverse participation ratio as a function of z. All data shown are for networks with
¯Æ 1.0 and (starting from the solid line) z Æ 3.0, z Æ 3.2, z Æ 3.33, z Æ 3.5,z Æ 3.66 and
z Æ 3.8. Data shown are averaged over narrow bins of (the logarithm of) frequency.
Chapt er 5
Frequency-dependent response of
networks
By combining the force-extension relation of single semiflexible polymers with a
Langevin equation to capture the dissipative dynamics of chains moving through a
viscous medium we study the dynamical response of crosslinked biopolymer ma-
terials. We find that at low frequencies the network deformations are highly non-
aYne, and show a low plateau in the modulus. At higher frequencies, this non-
aYnity decreases while the elastic modulus increases. With increasing frequency,
more andmore non-aYne network relaxationmodes are suppressed, resulting in a
stiVening. This eVect is fundamentally diVerent from the high-frequency stiVening
due to the single filament relaxation modes [13], not only in terms of its mecha-
nism but also in its resultant scaling: G 0(!)»!® with ®È 3/4. This may determine
nonlinear material properties at low, physiologically relevant frequencies.
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5.1 Introduction
Tissues and cells alike owe many of their key mechanical properties to crosslinked
architectures of supramolecular protein polymers [4, 5]. These biomaterials display
remarkably rich viscoelastic characteristics, and moreover physiological stresses,
strains and strain rates are such that they readily enter nonlinear regimes [7, 8, 11,
16, 87]. Indeed, many of these nonlinear properties are presumably employed to en-
hance and optimize tissue functionality. In the frequency domain, previous work has
established the existence of various regimes as we discussed in section 1.2: at the
lowest frequencies, crosslinking proteins reversibly bind and unbind, leading to vis-
cous behavior [11]. At very high frequencies, on the other hand, the single filament
relaxation dynamics become dominant and lead to a characteristic !3/4 scaling of
the stiVness with frequency [9, 13], similar to the high-frequency behavior found in
entangled networks [14, 87–89]. In this chapter, we explore the behavior of rigidly
crosslinked networks at intermediate timescales - those on which the crosslinking
proteinsmay be assumed to be fixed, but the frequencies are still in the regimewhere
all single-filamentmodes can relax completely. In this regime, a third, fundamentally
diVerent spectrum of relaxation modes dominates: those collective modes that ef-
fect non-aYne deformations to globally minimize the elastic energy. Prior work has
established that in the low-frequency limit, networks with fixed crosslinks deform
in a manner that suppresses single filament stretching by such non-aYne reorienta-
tions [32, 33, 35]. These modes, however, require that polymers move relative to the
embeddingmedium, andwhile theymay helpminimize the elastic energy they are si-
multaneously dynamically impeded by hydrodynamic friction. At relatively high fre-
quencies, therefore, we expect these non-aYnemodes to be dynamically suppressed.
In this chapter we focus on the transition regime - the regime where the network
crosses over from non-aYne to aYne. Our results for G 0(!) agree qualitatively with
those reported in very recent numerical investigations [90], but expand on these in
two ways: we report the first results on the nonlinear elastic properties and we cor-
relate the mechanical behavior in this regime to the extent of the non-aYnity. This
non-aYnity is, for the first time, studied as a function of applied external frequency
and shows a convincing downward trendwith increasing frequency that confirms our
interpretation.
This chapter is organized as follows: starting from computer generated three di-
mensional semiflexible meshworks we begin by explaining the the Langevin method
for implementing the relevant dynamical eVects. We measure dynamical moduli for
typical parameter values, and then relate it to the dynamical non-aYnity. We identify
diVerent mechanical/dynamical regimes and probe the nonlinear response at large
amplitude oscillatory shear.
We generate our networks as discussed in chapter 2. The primary biomaterial of
our interest is crosslinked actin. Due to the time consuming method used to model
the network response we restrict ourselves to averages over four individual and dis-
tinct networks with a representative set of parameters, that are chosen to reflect typ-
ical networks in experiments and cells. Our networks have a protein density of 0.65
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mg/ml, a persistence lenght `p of 16 ¹mand an average contour length h`ci Æ 1.0 ¹m
between crosslinks. The average length of filaments is hLi Æ 6.0 ¹m and the diameter
of the filaments is b Æ 7nm. Although the parameters in our simulation are chosen to
reflect actin, the non-aYne-to-aYne transition we identify is completely generic and
qualitatively independent of parameter choices. We therefore believe our results to
carry over to a wider range of biopolymer networks.
5.2 Network dynamics
We model the dynamics of these networks by connected segments that are dragged
through a viscous medium and experience random thermal forces due to collisions
with solvent molecules. We neglect the spatial and temporal correlations of these
collisions, and eVectively impose Rouse dynamics. At the intermediate timescales
that we are interested in, the crosslinkers do not move along the filaments and we do
not take into account the binding and unbinding of linker proteins. The elasticity of
individual segments is taken to obey the semiflexible wormlike chain (WLC) model,
which takes into account the thermal fluctuations of the internal degrees of freedom
of the individual segments. Note that we do not keep track of these internal degrees
of freedom, but replace the actual thermal semiflexible WLC by a nonlinear spring
with an identical force-extension relation. Again, we are allowed to do so because of
the intermediate frequency regime we explore: wemake sure that frequencies do not
significantly exceed the slowest single filament mode. The dynamics of a segment in
a viscous medium at finite temperature may be described by the Langevin equation:
³ ¢~v Æ ~F Å~fth, (5.1)
where ³ is the drag tensor of the segment and ~v , ~F and ~fth are 3-dimensional vectors
representing respectively the velocity of the segment, the elastic force on the segment
and the random thermal force on the segment. To calculate the drag on the segments,
we assume the segments to be slender rods with diameter b. The drag tensor encodes
the dependence of the drag coeYcient on the orientation of a rod and, in addition,
depends on the length `c of the rod and the viscosity of themedium, whichwe take to
be water with ´Æ 10¡3 Pa¢s. The axial drag coeYcient ³jj, the perpendicular drag co-
eYcient ³? and the rotational drag coeYcient ³> are then respectively given by [91]:
³jj Æ 2¼´`c
ln(`c/b)
, ³? Æ 4¼´`c
ln(`c/b)
, ³> Æ
¼´`3c
3ln(`c/b)
. (5.2)
In our simulations, we discretize (5.1) for small steps ¢t as:
~xi (t Å¢t ) Æ
DFjj
³jj
Å F?
³?
Å (~ri £F>)£~ri
³>
Å 2Fs
³jj
E
¢t
Å g jjÅ g?Å g>Å gs Å~xi (t ) (5.3)
where ~xi (t ) is a 3-dimensional vector representing the coordinates of the center of
mass of the segment in the network at time t . The computer program keeps track of
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the crosslinker positions; the position xi of segment i is simply the average of the po-
sitions of the two crosslinkers at the ends of this segment, and the end-to-end vector
~ri of segment i is the diVerence in these crosslinker positions. Fjj is the force along
the filament, F? the force perpendicular to the segment, F> the force that rotates the
filament and Fs the force that stretches/compresses the filament. Note that the drag
coeYcient of this compressional force is half of the axial drag coeYcient. The thermal
random force fth is represented by ~g , a Gaussian fluctuation with standard deviation
s. To ensure proper statistical sampling, we choose si Æ
q
2kBT¢t
³i
which ensures that
detailed balance is obeyed in the limit of small time steps.
The size of the time step¢t is determined by the stiVestmode and depends on the
length of the segments. In our networkswe typically take¢t Æ 0.1 ns. After generation
we thermalize our networks during 0.1 s - we assume that all relevant length scales are
relaxed in that time.
Inherent to this simulation approach is the assumption that the internal degrees
of freedom of individual segments are equilibrated at all times. Based upon the be-
havior of a single WLC, the dispersion relation may be computed to be [13]:
!(qn)Æ ·
³
q4n Æ
·
³
µ
n¼
`c
¶4
. (5.4)
Here, · is the bending stiVness, from which the persistence length may be extracted
as `p Æ ·/(kBT ), and `c is the segment length. At frequencies !À !(q1), clearly,
the assumption of fully relaxed internal degrees of freedom would break down. In
this regime the viscous modulus is expected to scale as G 0 » !3/4 [13]. We avoid the
regime where !À !(q1), by subdividing the segments in our networks into a finer
mesh at high frequencies. EVectively, this brings the slowest internal segment modes
into play - these are now explicitely tracked in our simulations. In this manner, we
continue to add interpolating nodes until the relaxation times of all segments do not
exceed the deformation times of the networks significantly. Typically, the number of
added nodes is 5% of the total number of nodes for f Æ !/2¼ Æ 400 Hz and 80% of
the total number of nodes for f Æ 40 kHz. As a result of the added nodes, the sim-
ulation timestep must be reduced while at the same time, the number of degrees of
freedom increases. This renders the simulations computationally considerably more
demanding, even though obviously the time per oscillation decreases linearly with
frequency.
The end result is a computational model in which the single segments are purely
elastic, and the network as a whole is a viscoelastic solid. In the following we an-
alyze the dynamic viscoelastic response of these networks. We do this in a regime
that precedes, but must connect up to the frequency range over which the eVects of
single-filament dynamics were studied in prior work [9,13].
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Figure 5.1: The dynamical network response. a) The shear stress ¾xy during oscilla-
tory network shear with frequency !Æ 2¼104 rad/s, for shear amplitudes of °0=0.02,
0.06, 0.10 and 0.14. b) Elastic modulus (solid black curve) and viscous modulus (dot-
ted black curve) as a function of frequency. The dotted grey curve indicates the vis-
cousmodulus when the dynamical viscosity of the liquid is included. Data shown are
averages over four networks realizations. Black line depicts an exponent of 3/4.
5.3 Dynamicmoduli in shear
In linear viscoelastic response, materials are characterized - among other equivalent
representations - in terms of their dynamic moduli, the elastic modulus G 0(!) and
the viscous modulus G 00(!). To measure these quantities in our simulations we ap-
ply an oscillatory shear deformation ° Æ °0 sin(!t ) with shear amplitude °0, during
which we monitor the motion of the segments. We also measure the shear stress in
the network, defined as
¾xy Æ 1
V
@E
@°
, (5.5)
as well as the normal stress, given by
¾zz Æ 1
V
@E
@®
, (5.6)
where V is the volume of the box, E is the network energy and ® is a superimposed,
virtual uniaxial strain in the z-direction - the direction perpendicular to the shear.
In detail, each step consists of an aYne displacement of all segments in the network
to accommodate for the global shear, as well as evolution over the time increment
¢t as specified in equation (5.3). Thus we simulate the network response under the
assumption that in the limit of high frequencies the local shear deformation at any
place in the network is equal to the global shear. In experiments, theremight be shear
banding or similar eVects that lead to a non-uniform distribution of the bulk strain
over the cross section of the sample - we do not capture such eVects.
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5.4 Measurements ofG 0 andG 00
Figure 5.1a presents some typical curves of the shear-stress response on shearing,
for diVerent values of the shear amplitude °0 and a fixed frequency. In each simula-
tion, we evolve the network over three full oscillations. As shown in this figure, small
shear amplitudes give rise to a sinusoidal stress-response, while with increasing shear
amplitude the stress response becomes increasingly nonlinear (but less noisy), con-
firming experimental observations [18]. We compute the network moduli at shear
amplitudes ranging from 0.02 for high frequencies up to 0.2 at low frequencies, each
timemaking sure that we are still in the linear regime.
Wefit the time-dependent stresswith¾xy (t )Æ¾0 sin(!tÅ±) and obtain the elastic
and viscous moduli respectively from G 0 Æ ¾0/°0 cos(±) and G 00 Æ ¾0/°0 sin(±). Fig-
ure 5.1b shows the network moduli as a function of frequency. We see that the elastic
modulus plateaus at low frequencies, and steeply increases for high frequencies. This
is similar to what was reported both for experiments and similar simulations [9, 90].
For the higher frequencies investigated, we findG 0 »!®, where® is larger than 3/4 as
expected for the high frequency limit [13]. Our data are more consistent with ® ¼ 1.
Even for the smallest strain amplitudes, which was used to calculate the network
moduli, the stress response shows a slight decreasing trend with increasing number
of oscillations; we verified, in longer simulations over nine oscillations for the higher
frequencies, that this influences ourmeasurements in figure 5.1b by atmost 6%. Thus
far, the shear viscosity due to the solvent is not included; it would simply contribute
an extra stress term ¾´xy Æ ´°˙. This shear viscosity of the liquid aVects only G 00 and
not G 0. It does, however, trivially aVect the crossover frequency where G 00 and G 0 are
equally large, as shown in figure 5.1b. At high frequencies, as expected, the shear
viscosity due to the solvent becomes the dominant contribution inG 00.
5.5 Dynamical suppression of non-aYnity
Another aspect of the network response on oscillatory shear deformation is the non-
aYne motion of components of the network. The non-aYnity is measured by
A˜(t )Æ ­(x(t )¡ x(0))2®, (5.7)
evaluated at a given strain °. This non-aYnity is plotted as a function of time in fig-
ure 5.2a. We observe a global increase in the non-aYnity, accompanied by an oscilla-
tory trend with a frequency directly related to the applied shear. We may in this case
distinguish a thermal and a deformational component of the non-aYnity. Without
shear, A˜(t ) simply measures the mean square displacement of a crosslinker, which at
finite temperature will by itself produce a non-aYnity that increases with time. On
top of that there is an oscillatory component tracking the externally imposed defor-
mation. Thus far, the non-aYnity of a network has been tied uniquely to the bending
dominated response of the filaments to a global shear deformation [32, 33, 35, 54].
The figure, however, shows also a steadily increasing background non-aYnity on top
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Figure 5.2: The non-aYnity of the networks during oscillatory shear. a) The non-
aYne deformation A˜(t ), as defined in equation (5.7), for network oscillation with
frequency ! Æ 2¼104 rad/s. b) The shear non-aYnity A, as defined in the text, as a
function of frequency. Data shown are averages over four networks realizations.
of this contribution, caused by thermal fluctuations of the segments in the viscous
medium. The contribution of these non-aYne motions can be large in comparison
with the shear component of the non-aYnity. To the best of our knowledge, there is
no general way to separate out the thermal component of the non-aYnity such that
onemeasures only the non-aYnity due to shear; in simulations with thermal motion
the filaments explore a large phase-space, and the average position of the filaments
depends largely on the time-window of the simulations. It is important to realize that
these thermal non-aYne fluctuations are not just an artefact of our method but a
genuine phenomenon that will also be present in experiments. To characterize the
frequency dependence of the shear component of the non-aYnity we calculate the
average amplitude of the oscillations on top of the thermal non-aYnity, since these
oscillations are a direct consequence of the oscillatory shear. To facilitate a compar-
ison of the results for diVerent frequencies, we divide this amplitude by the squared
shear amplitude °20. This results in the shear non-aYnity measure A, similar to the
one used in previous simulations and experiments [9, 35, 54]. A value of A Æ 1 ¹m2
means that the average non-aYne displacement at a shear of 1 equals 1 ¹m; note
that this is not a special point. Figure 5.2b shows the shear non-aYnity as a func-
tion of frequency. As does the stress response, also the shear non-aYnity decreases
slightly after the first couple of oscillations, by at most 25%. The data points at the
lowest frequencies are omitted: for such low frequencies it becomes impossible to
separate the oscillations from the thermal background non-aYnity.
Interestingly, we observe a decreasing shear non-aYnity with increasing fre-
quency. Apparently, with increasing frequency the non-aYne relaxation of the net-
work is increasingly prohibited. Prior simulations have revealed the relation between
non-aYne reorientations and the network stiVness: non-aYne reorientations allow
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Figure 5.3: An illustration of the network response in a (two-dimensional) net-
work during shear. The arrows show the deviation from aYne displacements of the
crosslinks. a) At frequencies below !n , all network modes can fully relax. The de-
viation from aYne displacement is large and spatially correlated. b) At frequencies
larger than !n the slowest (extended) network modes cannot relax but the localized
(fast) network modes can, as well as the single filament modes. The non-aYne dis-
placements are smaller and no longer spatially correlated. c) At frequencies above!s ,
both the localized networkmodes and the single segmentmodes cannot relax and the
network deforms more andmore aYnely.
the networks tominimize their energy and, therefore, systems that can access all non-
aYne modes are mechanically soft [54]. We conclude from figure 5.2b that with in-
creasing frequencies the networks have less time to relax in this manner, which ex-
plains both the decreasing non-aYnity (figure 5.2b) and the increasing stiVness (fig-
ure 5.1b) with increasing frequency. In the following section we will put this relation
between network stiVness and the non-aYnity in a broader perspective.
5.6 Classification of regimes
The current view presented in literature [9, 13, 14] is that there is a characteristic fre-
quency !s , determined by the typical relaxation time of the single segments (see
equation 5.4); above this frequency, the segments have no time to fully relax during
the oscillatory shear, and the network is microscopically out of equilibrium. Assum-
ing aYne motion of the solvent, as is appropriate for small typical inter-plate dis-
tances, we assume that the network, too, will deform aYnely in this regime. The lack
of single-segment relaxation results in a stiVening of the network modulus, which is
both computed and measured to scale as !3/4. Below this frequency, the single seg-
ments can relax, the network is assumed to deform aYnely, and this yields a plateau
inG 0.
Our results show a richer picture, which also has some important diVerences. In
agreement with the literature view, above !s the single segments are out of equilib-
rium and the network response is dominated by their behavior. We distinguish a sec-
ond characteristic frequency !n Ç !s , set by the long wavelength modes of network
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deformation - those with the longest relaxation times. Between !n and !s , the single
segments have time to relax, but the slowest network modes do not. Upon lower-
ing the driving frequency, starting from !s , more and more network modes are able
to relax during the oscillatory shear, and the elastic modulus G 0 will therefore slowly
converge to its plateau value, but only reach this at!n when allmodes are fully equili-
brated. Because of the polydispersity of the segment lengths, there is no clean defini-
tion of !s ; however, since the average segment length is 1 ¹m, typically the segments
do no longer fully relax above !s ¼ 50 kHz (see also [13]). Similarly, because of the
large distribution of the eigenfrequencies of the network, see chapter 4, there is no
clean definition of !n either. However, our guess for our networks would be around
!n ¼ 10 Hz, since both G 0 in figure 5.1b and A in figure 5.2b start to saturate around
this value. We find that for high frequenciesG »!® with ®È 3/4, whereas a response
dominated by the single segment relaxation would have ®Æ 3/4. Intuitively, it makes
sense that with decreasing frequency the elasic modulus drops faster than expected
purely on single filament response: on top of the single segment relaxation also the
network relaxes more andmore.
The non-aYnity follows an opposite trend. Starting from aYne behavior at fre-
quencies above !s , as more and more modes are able to relax from the aYne defor-
mation induced by the oscillatory shear, the non-aYnity will increase to its plateau
value at slow shear. We know that the slow, low frequency modes are highly delocal-
ized, while the fast, high frequency modes are localized [92]. Therefore, both the am-
plitude and the spatial correlation of the non-aYne displacements will increase with
decreasing frequency. Figure 5.3. illustrates this scenario of the three distinct regimes,
by showing the non-aYne displacements during deformation of a two-dimensional
network in each regime.
5.7 Large shear amplitudes
Sofar, we studied the network response to oscillatory shear, in the regime of linear
response. We now turn to a unidirectional constant shear rate up to a much larger
shear amplitude of 0.5. We simulate the shear response for three diVerent shear rates,
namely °˙ Æ 102 s¡1, 103 s¡1 and 104 s¡1, averaged over four diVerent network re-
alizations. In these calculations we leave out the dynamical viscosity of the liquid.
Figure 5.4a shows the shear stress response as a function of shear for these diVerent
shear rates. As can be seen, all networks show shear-stiVening. With increasing shear
rates the initial stiVness increases, as expected from the increasing elastic modulus
with frequency in figure 5.1b, and the onset of stiVening occurs at smaller strains °.
These results fit well to our picture for the small-strain regime. For low shear rates,
the networks have a lot of time to accomodate the deformation, thus leading to a soft
network response. Stretching of single segments can be postponed till large shears,
which causes a late onset of stiVening. For large shear rates the times are too short
to relax, leading to a stiV network response. The small strain at which the networks
starts to stiVen indicates that the filaments get stretched already at small shears.
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Figure 5.4: The network response for large shear. a) The shear stress¾xy as a function
of shear, for three diVerent (non-oscillatory) shear rates °˙ Æ 102 s¡1 (lower), 103 s¡1
(middle) and 104 s¡1 (top curve). b) The normal stress ¾zz as a funtion of shear, for
the same three shear rates. c) The shear stress (odd function of strain) and normal
stress (even function of strain) for a network which is initially well-relaxed at zero
strain, and then subsequently sheared in the direction of positive as well as negative
strain, at a shear rate of °˙Æ 104s¡1.
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We also calculate the normal stress¾zz during deformation as a function of shear.
A negative normal stress is one of the hallmark features of nonlinear mechanical re-
sponse in biopolymer networks [52]. We find that ¾zz is indeed negative and shows
the same shear-rate dependence as the shear stress, see figure 5.4b.
Because of symmetry, the shear stress and normal stress should be odd and even
functions of the shear strain, respectively; figure 5.4c shows that this is the case in our
simulations.
Our results may be relevant for the appropriate interpretation of nonlinear rheo-
logical data. Two methods have been developed to measure the diVerential stiVness
at large strains and there has been some debate whether they will give the same re-
sults. One method measures the stiVness by superposing a small amplitude oscilla-
tory shear @° for a constant applied shear ° [18]. This method allows for a relaxation
of all network modes at the constant shear °, after which the small amplitude oscil-
latory shear is applied. The alternative for measuring the large strain response is to
apply a shear with constant shear rate [93]. Here, the shear rate determines whether
the networks modes can or cannot relax. Although for slow deformation these two
methods might give similar results, our results suggest that for fast deformation they
will certainly not.
5.8 Relation to prior work
In the last decades, many simulational, modeling and experimental eVorts have
focused on understanding the zero-frequency response of networks with fixed
crosslinks. These studies revealed that both the non-aYnity and the network stiV-
ness depend strongly on the network geometry: increasing the number of crosslinks
per filament strongly decreases the floppiness of the structure and thus decreases
the non-aYnity and increases the modulus. Another important parameter is the rel-
ative filament stiVness, captured well by the ratio between the persistence length
and the segment length. Increasing this ratio increases the relative importance
of the non-aYnity on the network response, and a low ratio implies floppy seg-
ments and thus a response that is dominated by an (aYne) stretching of single seg-
ments [19,23,32,35,54,92]. Complementary to these dependencies on filament stiV-
ness andnetwork structure, in this chapterwepresented the frequencydependence of
the network modulus and the non-aYnity. This frequency dependence response re-
lated to the non-aYnity ismostly relevant for networks deforming highly non-aYnely
in the zero-frequency limit. Clearly, networks deforming close to aYnely in the zero-
frequency limit will not show this characteristic non-aYne to aYne transition for
increasing frequencies. Note that the theory of the frequency dependent deforma-
tion by MacKintosh et al [13] assumes aYne behavior in the zero frequency limit,
and thus does not fully describe the frequency dependence of materials in which the
zero-frequency behavior is non-aYne.
On the other side of the frequency spectrum, the work presented in this chapter is
bounded from below by the work of Lieleg et al. [11], who consider the dynamical re-
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sponse of a network with crosslinkers that may bind and unbind. We do not consider
this eVect, as the timescale for such processes (typically !Ç 1 Hz) is generally larger
than the characteristic timescales of the non-aYne reorientations.
A similar simulation method has recently been proposed and implemented by
Kim and coworkers [90] to study the viscoelastic response of actin networks. The
work presented in this chapter diVers from theirs in several important respects: we
distinguish diVerent components of the drag coeYcient, take into account the full
force extension curve of individual segments and measure the dynamic non-aYnity.
Interestingly, they observe a similar increase in the network modulus with increasing
frequency in networks with zero prestrain. In the highly prestrained networks they
proceed to consider, the frequency dependence of the elastic modulus vanishes. This
is exactly the behavior we expect for a network that loses the configurational freedom
to relax by non-aYne reorientations due to the high prestresses in the filaments.
5.9 Conclusions
In summary, we have developed a simulation approach to study the response of
crosslinked networks of biopolymers to dynamical shear. Our main finding is that
at low frequencies, all networkmodes and single filament modes are free to relax and
consequently the network will deform non-aYnely such that the networks are soft.
With increasing frequencies the externally imposed strain outruns the internal relax-
ation modes, the non-aYnity decreases and consequently the network stiVens. At
even higher frequencies, beyond those studied here, even the single segmentsmodes
can no longer relax fully, and the network response is dominated by the single seg-
ment relaxation. While the transition itself is generic, its exact location in frequency
space is not - we find that this is highly sensitive to filament and network parameters
such as the persistence length, the density and average length of filaments, and the
viscosity of the medium.
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Samenvatting
De biofysica kan worden beschouwd als het grensgebied tussen de natuurkunde en
de biologie. In dit vakgebied worden natuurkundige methoden gebruikt om biologi-
sche systemen te analyseren en doorgronden. Enkele voorbeelden van biologische
systemen waar biofysici zich mee bezig houden zijn het doorgeven van signalen tus-
sen cellen, de structuur van cellen, de structuur van weefsels en demanieren waarop
DNA is opgevouwen in de celkern. In dit proefschrift richten we onze aandacht op
de structurele eigenschappen van cellen en weefsels. Deze structurele eigenschap-
pen worden grotendeels bepaald door netwerken van biopolymeren, en het zijn deze
systemen die we in dit proefschrift analyseren.
Cellen bestaan uit een celwand en een celkern. Tussen de celwand en de celkern
zit een ruimte die onder andere gevuld is met een vloeistof. Naast deze vloeistof be-
vinden zich in deze ruimte ook veel polymeren. Polymeren zijn lange moleculen die
bestaan uit een reeks van soortgelijke delen, die aan elkaar vast zitten. Deze polyme-
ren kunnen een netwerk vormen door verbindingen te maken met elkaar. In cellen
bevinden zich speciale moleculen, een bepaald type eiwitten, die verbindingen tus-
sen de polymeren kunnen vormen. Door het vormen van netwerken krijgt de cel een
zekere stijfheid. Deze netwerken zijn dynamisch en kunnen continu van vorm veran-
deren, onder invloed van chemische reacties in de cel. De polymeren kunnen groei-
en en krimpen, de verbindingen tussen polymeren kunnen worden gevormd of juist
weer los gaan en de verbindingen tussen de polymeren kunnen heel stijf zijn of juist
heel erg slap. Ook kunnen verschillende soorten polymeren worden gevormd in de
cel. Doordat deze netwerken zo dynamisch zijn en er veel verschillende ingrediënten
zijn, kan een cel zich continu aanpassen aan de omgeving en functie die de cel op
dat moment heeft. Zo kan een cel stijf zijn als dat nodig is, maar juist ook heel zacht,
kan een cel bewegen of stilstaan, kan de vorm van een cel uitgerekt zijn of juist heel
compact.
Behalve in cellen zijn er ook veel structuren buiten cellenwaarbij dit soort netwer-
ken een belangrijke rol spelen. Vaak zijn deze structuren groter dan enkele cellen en
hebben cellen ook een plaats in deze structuren. Een bekend voorbeeld is de huid, die
bestaat uit cellen en lange polymeren die met elkaar verbonden zijn, zoals collageen
en elastine. Door het collageen en elastine is de huid elastisch en vervormbaar, een
eigenschap die we continu gebruiken bijvoorbeeld bij het vormen van een glimlach
of het aanraken van een object. Hoewel het weinig moeite kost om de huid enigszins
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te vervormen, wordt de huid bijzonder stijf bij grotere vervormingen. Uit onderzoek
is gebleken dat deze eigenschap deels toe te schrijven is aan de eigenschappen van
de biopolymeren en de structuren die deze biopolymeren vormen.
Veel onderzoek is gedaan om de eigenschappen van individuele biopolymeren
in kaart te brengen. In levende netwerken worden de biopolymeren omringt door
een vloeistof. Op lichaamstemperatuur bewegen de moleculen in de vloeistof con-
tinu, waarbij ze ook regelmatig tegen de biopolymeren aanstoten. Daardoor krijgen
de biopolymeren steeds kleine duwtjes, die de vorm van het biopolymeer steeds een
beetje veranderen. Doordat het biopolymeer steeds een beetje van vorm verandert,
is het bijna nooit perfect recht. Immers, er zijn heel veel mogelijke vormen die het
polymeer kan aannemen, en de rechte vorm is daar slechts één van. Naast de tem-
peratuur van de vloeistof bepaalt ook de stijfheid van het polymeer de vorm van het
polymeer. Als een polymeer erg stijf is, dan hebben de thermische bewegingen van de
vloeistofmoleculen minder eVect op de vorm van het polymeer dan wanneer het po-
lymeer zacht is. Als een polymeer wordt uitgerekt, danworden de vervormingen door
de duwtjes van demoleculen uit het polymeer getrokken. Omdat er continumolecu-
len tegenaan blijven botsen, zal het polymeer de neiging hebben weer te vervormen.
Om deze vervorming tegen te gaan, is een kracht nodig.
Om de eigenschappen van de biopolymeer netwerken in cellen en buiten-
cellulaire structuren beter te begrijpen, worden veel experimenten gedaan aan deze
netwerken. Zo worden bijvoorbeeld hele cellen in eenmeetapparaat geplaatst, waar-
mee het eVect van het uitoefenen van een kracht of vervorming op de cel wordt be-
keken. Omdat de netwerkstructuren in biologische materialen en cellen erg complex
zijn, is het vaak lastig een direct verband te leggen tussen de lokale structuur van het
netwerk en het gedrag van het netwerk bij vervorming. Om beter inzicht te krijgen
in deze relaties, worden in experimenten ook vaak speciaal geprepareerde netwerken
gebruikt, waarbij de experimentator bepaalt welke polymeren enwelke verbindingen
tussen de polymeren worden gebruikt. Doordat deze netwerken vaak veel simpeler
zijn, is hetmakkelijker omeen verband te leggen tussennetwerk structuur ennetwerk
gedrag. Maar ook hier blijken de experimentele technieken vaak nog niet voldoende
om de microstructuur precies in kaart te brengen, en een causaal verband te leggen
tussen structuur, polymeer eigenschappen en het gedrag van het gehele netwerk.
In dit proefschrift worden de resultaten gepresenteerd van numeriek onderzoek
naar het gedrag van netwerken van biopolymeren als ze vervormd worden. Com-
putersimulaties worden ook wel omschreven als experimenten op de computer. In
de computersimulaties genereren we netwerken waarvan de microstructuur volledig
bekend is. Ook schrijvenwe het gedrag van de individuele polymeren in deze netwer-
ken precies zo voor als we ze kennen uit de biologie. Deze netwerken kunnenworden
vervormd, waarbij we de stijfheid van het hele netwerk berekenen, maar ook precies
volgen wat er gebeurt met alle individuele filamenten en wat hun bijdrage is aan het
gedrag van het netwerk als geheel. Op die manier helpen computersimulaties bij het
interpreteren van experimentele gegevens en vergroten zo het inzicht in het gedrag
van biopolymeernetwerken.
Volgens een specifieke procedure genereren we netwerken die bestaan uit lange
Samenvatting 95
Figuur 6.1: Afbeelding van één van onze netwerken. (a) De netwerken zitten in een
driedimensionale box. Als een filament door de rand van een box gaat, dan gaat hij
aan de andere kant van de box verder. Dit noemen we periodieke randvoorwaarden.
Door deze constructie hebben we geen last van de randen. Onze netwerken bestaan
uit ongeveer 1000 crosslinks tussen filamenten. We kunnen de relatieve lengte van
de filamenten variëren, evenals de relatieve stijfheid van de filamenten. (b) Hetzelfde
netwerk terwijl het een schuifvervorming van 0.4 heeft ondergaan. De posities van
alle crosslinks zijn zodanig dat de energie minimaal is in het netwerk.
polymeren die op verschillende plaatsenmet elkaar verbonden zijn. Deze verbindin-
gen noemenwe crosslinks. We gebruiken demodellen die zijn ontwikkeld om het ge-
drag van losse biopolymeren te beschrijven, om het gedrag van de stukken polymeer
tussen de crosslinks te beschrijven. Daarnaast houdenwe rekening in onsmodel met
het feit dat twee stukjes van een filament die naast elkaar liggen maar van elkaar ge-
scheiden zijn door een crosslink, toch de neiging hebben om rechtdoor te lopen en
geen grote hoeken ten opzichte van elkaar te maken. Figuur 6.1a laat een voorbeeld
zien van een netwerk zoals het eruit ziet na generatie.
Deze netwerken kunnen we vervormen. In experimenten wordt de bovenkant
van de netwerken verschoven ten opzichte van de onderkant. Deze manier van ver-
vormen wordt ook wel een schuifvervorming genoemd, figuur 6.1b geeft hiervan een
illustratie. Tijdens de vervorming kunnen we de energie in het netwerk berekenen.
De mate waarin de energie toeneemt met toenemende vervorming is een maat voor
de stijfheid van het netwerk. Ook kunnen we de verplaatsingen van alle crosslinks in
het netwerk volgen. Dit geeft aan hoeveel beweging er is in het netwerk. We verge-
lijken de verplaatsingen van de crosslinks met de verplaatsing van de crosslinks als
alle crosslinks precies de opgelegde vervorming in het netwerk zouden volgen. Dit
laatste noemen we de aYene vervorming. Het verschil tussen de aYene verplaatsing
en de werkelijke verplaatsing van de crosslinks noemen we de niet-aYniteit van het
netwerk. Figuur 6.2 geeft met behulp van een illustratie uitleg over het begrip niet-
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Figuur 6.2: De niet-aYniteit in een simpel netwerk. (links) Simpel netwerk bestaande
uit twee veren, die elk aan een hoek van een vierkant vastzitten, en aan elkaar vastzit-
ten. Het vierkant wordt vervormd door de bovenkant te verschuiven ten opzichte van
de onderkant. Als alle punten in het vierkant de opgelegde vervorming volgen, dan
noemenwe dat een aYene vervorming. Deze situatie is geïllustreerd in hetmiddelste
figuur. In deze situatie wordt de ene veer uitgerekt en de andere veer samengedrukt.
Dat betekend dat de energie in het vierkant hoger wordt dan in de rusttoestand. Als
alle punten in het vierkant een dusdanige positie mogen kiezen zodanig dat de totale
energie van het systeem zo laag mogelijk is, dan zal de positie van de crosslink zo-
danig zijn dat beide veren uitgerekt noch samengedrukt worden (situatie in rechter
figuur). Nu volgt de crosslink niet meer de opgelegde vervorming, maar wijkt daar
van af. Het verschil tussen de aYene vervorming (middelste figuur) en de werkelijke
vervorming (rechter figuur) is aangegeven met de pijl. De grootte van deze pijl is een
maat voor de hoeveelheid niet-aYniteit in het netwerk.
aYniteit.
Uit onze simulaties blijkt dat de netwerken veel zachter worden, als we ze toe-
staan om niet-aYen te vervormen. De niet-aYene beweging verlaagt de energie van
het netwerk. Hierdoor kost het minder energie om de netwerken te vervormen, en
worden ze dus zachter. De mate van niet-aYniteit in een netwerk hangt sterk af van
de netwerkstructuur. Netwerken met lange filamenten met veel crosslinks per fila-
ment zullen over het algemeenminder niet-aYen bewegen, dan netwerkenmet korte
filamenten enweinig crosslinks per filament. In het laatste geval zitten de individuele
filamenten minder vastgebonden in het netwerk, waardoor ze meer ruimte hebben
om te bewegen. Daarnaast zien we ook dat netwerken bestaande uit filamenten met
een lage buigstijfheid, meer aYen bewegen dan netwerken met een hoge buigstijf-
heid.
Veel biologische netwerken bestaan uit zowel stijve als slappe polymeren. Om
beter te begrijpen waarom deze netwerken uit verschillende soorten polymeren be-
staan, hebben we simulaties uitgevoerd van netwerken die bestaan uit twee soorten
filamenten, namelijk filamenten met een hoge buigstijfheid en filamenten met een
lage buigstijfheid. Onze simulaties laten zien dat deze filamenten samenwerken bin-
nen een netwerk. Bij kleine vervormingen vangen de slappe polymeren een groot
gedeelte van de totale vervorming op, waardoor de stijve polymeren bijna niet ver-
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vormen. Bij grote vervormingen is dit niet langer mogelijk, en bepalen de stijve po-
lymeren de uiteindelijke stijfheid van het netwerk. Door dit bijzondere samenspel
tussen de stijve en slappe polymeren zijn de netwerken relatief zacht bij lage vervor-
mingen en stijf bij hoge vervormingen.
Voor de stijfheid van een netwerk is ook bepalend hoe snel het netwerk wordt ver-
vormd. De filamenten in het netwerk zijn omringt met een vloeistof. Net zoals het
tijd kost om een touwtje door een bak water te trekken, zo kost het ook tijd om de
netwerken in een vloeistof te vervormen. De relevante tijdschaal van een vervorming
wordt onder andere bepaald door de viscositeit van de vloeistof, een fysische term
die ook wel wordt vertaald als de stroperigheid. Om het eVect van de snelheid van de
vervorming op de gedrag van het netwerk onder deze vervorming goed te simuleren,
voegenwe in ons programma de viskeuze interactie tussen de polymeren en de vloei-
stof toe. Als we de netwerken nu met een hoge frequentie vervormen, dan zijn ze erg
stijf. Als we ze heel traag vervormen, dan zijn de netwerken relatief zacht. Dit ver-
schil tussen een stijve en trage vervorming zien we weerspiegeld in de niet-aYniteit.
Bij hoog-frequente vervorming bewegen de netwerken bijna aYen, terwijl bij laag-
frequente vervorming de netwerken sterk niet-aYen bewegen. Deze niet-aYniteit
legt een link tussen de snelheid van de vervorming en de stijfheid van het netwerk.
Bij lage frequenties heeft het netwerk veel tijd om zich aan te passen aan de opgeleg-
de vervorming. Anders gezegd, het netwerk heeft veel tijd om een toestand met een
lage energie te vinden. Hierdoor is het netwerk zacht en de niet-aYniteit hoog. Bij
snelle frequenties heeft het netwerk nauwelijks tijd om zich aan te passen, en is het
netwerk dus stijf en de niet-aYniteit laag.
De resultaten van onze netwerksimulaties laten het belang van demicrostructuur
en de niet-aYniteit zien voor de stijfheid van de netwerken. Deze nieuwe inzichten
zijn belangrijk voor het juist interpreteren van experimentele resultaten. Onze resul-
taten geven meer inzicht op welke wijze cellen en weefsels hun elasticiteit regelen.
Deze inzichten zijn niet alleen belangrijk voor het beter begrijpen van cellen en weef-
sels, maar kunnen ook worden gebruikt om cellen en weefsels te manipuleren of om
biomimetische weefsels met de juiste eigenschappen te maken.
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